Simplified load-deflection behavior
of cracked prestressed concrete beams
based on a rigorous formulation
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B This paper presents equations for predicting mid-
span deflections and moment-curvature behavior for
prestressed concrete beams from an uncracked state
through cracking, yielding, and ultimate loading.

B Trilinear moment curvature was used to develop
closed-form analytical deflection expressions for sim-
ply supported prestressed concrete girders subject-
ed to different loading conditions.

B The predicted deflections and structural response
from the proposed method were compared with ex-
perimental data from the literature and found to have
good correlation with published experimental results.

complex, and a simplified method for calculating de-

flections due to short-term loads is desirable. Various
procedures have been proposed to determine the immediate
deflection of cracked prestressed concrete components. '
The procedures from the eighth edition of the PCI Design
Handbook: Precast and Prestressed Concrete® for instan-
taneous deflection of prestressed concrete components
are based on the bilinear moment-deflection relationship
or the effective moment of inertia method. The American
Concrete Institute’s (ACI’s) Building Code Requirements
for Structural Concrete (ACI 318-19) and Commentary (ACI
318R-19)* uses the second approach (effective moment of
inertia method); however, the ACI 318-19 commentary refer-
ences the first approach of PCI Design Handbook® (bilinear
moment-deflection relationship) as a viable alternative. Both
procedures accurately predict instantaneous deflections for
prestressed concrete components in the working load range;
however, at higher loads, these prediction methods become
inaccurate.’

The flexural behavior of prestressed concrete beams is

Kramer and Rasheed® investigated the analytical load
deflection of prestressed concrete girders strengthened with
externally bonded carbon-fiber-reinforced polymer sheets.
They compared analytical and numerical moment-curvature
responses for prestressed concrete T beams with bonded
strands, and they concluded that the analytically assumed
trilinear moment-curvature function—which represents the
foundation for establishing the short-term deflection expres-
sions—accurately predicts moment-curvature and short-term
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load-deflection responses of prestressed concrete flexural
components with bonded and straight strands strengthened
with externally bonded fiber-reinforced polymers sheets.

This paper evaluates a proposed method in which a trilinear
moment-curvature response is used to obtain closed-form ana-
Iytical deflection expressions for simply supported prestressed
concrete girders subjected to different loading conditions up to
failure. This proposed trilinear method predicts instantaneous
deflections at loads that exceed the yielding of prestressing
strands more accurately than current state of the art methods.

Analytical investigation

The moment-curvature response of prestressed concrete com-
ponents can be approximately modeled by a trilinear relation-
ship. This relationship can be fully determined by applying
standard linear and nonlinear sectional analysis equations at
cracking, yielding, and ultimate levels. The general solution
can be obtained by adding the deflection contribution of the
three regions, as shown in Eq. (1).

L
=0,+0,+0,= '[ngzp (x)dx

midspan un

L
L =
+f U, (x)dx+ j; X, (x)dx (1)
where
idpan = Midspan deflection
0, = deflection for the uncracked region
0, = deflection for the postcracked region
0, = deflection for the postyielding region
L, = length from the support to the cracking moment
location (uncracked region)
X = location along the beam measured from the support

¢, (x) = curvature expression for the uncracked region

L = length from the support to the yield moment loca-
tion

(b”iy(x) = curvature expression for the postcracked region

L = span length

(by _, () = curvature expression for the postyielding region
Assumptions

The analysis presented herein is based on several assumptions
about material behavior, sectional behavior, and member be-

havior that are used to accurately simplify deflection calcula-
tions. These assumptions are as follows:

PCl Journal | January-February 2026

*  When the cracking load limit is calculated, the stress-strain
relationship for concrete in compression is considered
linear, with a modulus of elasticity of the concrete E .

*  Hognestad’s parabolic equation, is used when concrete in
compression is analyzed at yielding and ultimate levels.

e The stress-strain relationship for the prestressing re-
inforcement is adopted from the expressions in the
PCI Design Handbook?® for 270 or 250 ksi (1860 or
1720 MPa), low-relaxation, seven-wire strands.

e The stress-strain relationship for mild steel compression
reinforcement is assumed to be elastic—perfectly plastic
with yielding stress given or assumed for the mild steel
reinforcement.

e The strain is distributed linearly across the cross-section
depth following Bernoulli’s hypothesis of a plane section
remaining plane after bending.

e  The crushing failure of concrete in compression occurs at
a strain of 0.003.*

*  Prestressing strand yields at a strain 0.01, and prestress-
ing strand ultimate strain is assumed to occur at a strain
of 0.05. These values for yielding and rupture are taken
from Design Aid 15.2.3 in the eighth edition of the
PCI Design Handbook.?

e The concrete is considered cracked when the extreme
bottom stress is greater than the concrete rupture strength

fr: fr=7.5\/7c’ psi or fr=0.62\/7; N/mm?,* where f is

the compressive

e strength of concrete. By using a linear moment-curvature
relationship between the cracking and yielding points,
some tension stiffening effects after rupture have been
considered.

*  The smeared cracked analysis procedure is used to deter-
mine average curvatures of the cracked members.

e The prestressing reinforcement is assumed to be straight
and fully bonded to the concrete.

e Mild tension reinforcing steel is ignored in this analysis.
Moment-curvature relationship

The moment-curvature response is idealized to be trilinear
with precracked, postcracked, and postyielding stages. The
first stage extends to the onset of flexural cracking. The
second stage is from cracking to the first yielding of the
prestressing steel. The third stage continues until the limit of
the concrete’s useful strain of 0.003 (concrete crushing) or the
prestressing strand’s useful strain of 0.05 (strand rupture). The



moment-curvature relationship is fully defined when (M =0,
b)), M, b ), (M, ¢ ), and (M , ¢ ) are determined (Fig. 1),
where M is moment at the load apphcat1on point, ¢, is initial
curvature, M” is cracking moment, (b” is curvature at the
cracking moment location, M is moment at yield, ¢ is yield
point curvature, M, is nominal ultimate moment, and q’)ﬂ 1s

curvature at the nominal ultimate moment location

Initial point The initial moment curvature point is a theo-
retical point in which the total external moment is zero. In
essence, the member is considered to be weightless and the
only moment is provided internally by the prestressing force
P multiplied by its eccentricity e to the center of gravity of
the transformed section. The stresses in the extreme bottom
J,,, and top fibers f o for the section are determined through
internal stress analysis (Eq. [2] and [3]), with compressive
stresses considered negative and tensile stresses considered
positive and the eccentricity e being positive when the initial
prestressing force is below the center of gravity.

Vot = distance from the bottom of the section to the neu-
tral axis
1, = gross moment of inertia of the transformed section
S AR
foy= o ®)
A 1
gt gt
where
Yiep = distance from the top of the section to the neutral

axis

When the section is uncracked, strains at the bottom of the
section &, and the top of the section ¢, are determined by
dividing the stresses in Eq. (2) and (3) by the modulus of
elasticity of the concrete E . The initial point is defined by
the initial curvature ¢, and externally applied moment M
given by Eq. (4) and (5), respectively. The curvature equation
(Eq. [4]) is determined by subtracting the top strain from the
bottom strain and dividing the difference by the height of the
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Sy =—5— 2o (2)  component h.
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Figure 1. Trilinear moment-curvature behavior of prestressed concrete beams.
Note: £, = modulus of elasticity of concrete; / = gross moment of inertia; / = moment of inertia at the nominal ultimate moment;

l,= moment of inertia at yield; M = moment; M = cracking moment; M_= nomlnal ultimate moment; M = moment at yield; ¢, =

curvature at the point of load application; ¢,

= curvature at the cracklng moment location; ¢, =

initial curvature ¢, = curvature

at the nominal ultimate moment location;

b = curvature at yield.
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Cracking point The cracking moment—curvature point is

the end of the linear-elastic response for the component.

For all sections, the cracking point occurs when the bottom
extreme fiber just reaches the cracking stress (concrete rupture
strength). The cracking stress f is set equal to extreme bottom
fiber stress because the component under consideration is
loaded from the top. The cracking stress is determined in
accordance with Building Code Requirements for Structural
Concrete (ACI 318-19) and Commentary (ACI 318R-19),* as
shown in Eq. (6).

1=15f (6)

where
fis i .
. 1s in psi

For the analysis, the self-weight of the member is considered
an external load and is combined with other external loading
to determine the external moment. The stresses are distributed
linearly across the cross section. The analysis procedure is
similar to the analysis for the initial point, with the bottom
and top strains defined by Eq. (7) and (8).

_Pe F:’eybot

M

Slmz = crybot (7)
AE I E
gt ¢ gt c

[gt Ec
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N
<

Strain Stress
Prestressing steel yielding

Figure 2. Section strain-compatibility relationships at yielding
of prestressing steel.

Note: A = area of prestressing steel; A/ = area of com-
pression reinforcement; b = section width; €, = depth of the
section neutral axis at first yielding; d = depth from the top of
the section to the prestressing steel; d' = depth from the top
of the section to the compression reinforcement; 7’ = design
compressive strength of concrete; fpy = yield stress of the pre-
stressing steel; f/ = stress in the compression reinforcement;
h = height of the section; a = factor for the height of the
equivalent rectangular stress block; v, = neutral axis multiplier
corresponding to ¢, &, = extreme compressive fiber strain; &
= strain in the compression reinforcing steel; ¢ = strain due

to the initial tensioning stress in the prestressing steel after
losses; &, = strain due to the decompression of the section at
the level of the prestressing strands; &, = remaining strain in
the prestressing strand required for strain compatibility (after
accounting for g and &,); ¢, = yield point curvature.
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The cracking point is defined by the cracking curvature ¢,

(Eq. [9]) and the externally applied moment causing cracking
M (Eq. [10]).

—|\Pe—M
¢' — ( e cr ) (9)
cr [ E
gt ¢
S AR
Mc,.=—( +7) +Pe (10)
ybot
where
r = the square of the radius of gyration

Yielding point The yielding point occurs as the prestressing
steel reaches the yielding strain of 1% elongation specified in
the PCI Design Handbook.? Because the strain in the pre-
stressing steel &, is significantly greater than the cracking
strain of the concrete, the section is defined as cracked at
strand yielding. Strain-compatibility analysis is used at this
stage. Figure 2 depicts the section strain-compatibility rela-
tionships at prestressing steel yielding. As shown in Eq. (11),
(12), and (13), this strain has three components: the strain g,
due to the initial tensioning stress in the prestressing steel f
after losses; strain £, due to the decompression of the section
at the level of the prestressing strands; and strain &,, which

is the remaining strain due to strain compatibility at strand
yielding with the yield strain of the prestressing steel £,
equal to 0.01.

A
g = 11
= (11)
ps
where
E = modulus of elasticity of the prestressing strands
1| P P&
£y = | =4 (12)
E | 4 1
ps gt gt
£,=001-¢ ~-¢, (13)

The extreme compression fiber strain & . is determined using
strain compatibility (Eq. [14]).

£, = e (14)
c (d - cy)
where
c, = depth of the section neutral axis at first yielding
d = depth from the top of the section to the prestressing

steel

The depth of the section neutral axis at first yielding c_is
unknown and is solved from the force equilibrium of the cross
section. After establishing the steel-concrete strain relation-



ship, Hognestad’s parabolic stress-strain equation6 is invoked
to furnish concrete compressive stresses at any concrete fiber,
as shown in Eq. (15):

2
E E
f=120- (15)
&€ &€
c c
where
1. = concrete compressive stress
£, = concrete strain
e = strain at maximum compressive stress

The stress distribution is converted into an equivalent rectan-
gular stress block by Eq. (16).”

2
/ gbf _ (gff)

fo=afl=1 ; (16)
& 3(e)
where
o = factor for the height of the equivalent rectangular
block

Because the centroid of the actual compressive stress is based
on a parabolic shape, the location of the compression force is
placed a distance of yc from the extreme compressive fiber.
The neutral axis multiplier vy is given by Eq. (17).8

1 &
3 12¢ 17
Y= - a7

1-3-<

£

c

In additionlly, the neutral axis multiplier is dependent on
the strain at maximum compressive stress and the extreme
compressive fiber strain £, which was previously defined in
Eq. (14).

After the steel and concrete stress-strain relationships are
known, the distance from the extreme fiber in compression to
the neutral axis ¢ is found by force equilibrium. The equa-
tions for determining ¢ are dependent on the cross-sectional
shape and the inclusion of mild compression steel. Therefore,
rectangular, T section, and I-section layouts, both with and
without mild compression reinforcement, are discussed in the
following sections. The derivations of the moment-curvature
equations for the T section and I-section are the same, as the
lower flange of the I-section is neglected due to cracking.

When considering the yielding point moment-curvature
equations, the simplest derivation pertains to the rectangular
cross section without mild compression steel. This derivation
is the simplest because the width remains constant, enabling
the representation of the concrete compressive force by a
single force, irrespective of the ¢ location, and the compres-

sion force is provided solely by the concrete. Consequently,
equilibrium in the cross section demands the balancing of two
forces: the concrete compressive force C and the tension force
T from prestressing steel, as defined by Eq. (18) and (19),
respectively.

C= afb,’cyb — 83’(6}')2 fc'b —

(18)
,\2
£ (d—Cy) 3(8‘,) (d—cy)
where
b = section width
0.04
T=A4 =4 - 19
s "S(f”“ 0.01—x1] (19)
where
Am = area of prestressing steel
]; . = stress in the prestressing steel
]; . = ultimate stress of the prestressing steel
X, = constant based on the yield strength of the prestress-

ing strand (x, = 0.0064 for 250 ksi prestressing strand
and x, = 0.0070 for 270 ksi prestressing strand)

After the forces are defined in terms of ¢ , ¢ is calculated by

Eq. (20).
f%]

(e +te

(6A fi(e) )c +3Amf () d*=0

3A 3¢ rperd|(c )
() = 3e pmeld)c,) "

After the location of the neutral axis is defined, the strain at
the extreme compression fiber is determined and the yield
point curvature ¢ _is found by Eq. (21).

: ey

The corresponding moment for the yield point is found by
summing the prestressing moment about the centroid of the
compressive force (Eq. [22]).

M =T(d-y,)=Af(d-y)

When mild reinforcing steel is in the compression region,
Eq. (18) through (22) are amended with a force contribu-
tion from the mild compression steel. The strain in the mild
compression steel £ is given by Eq. (23). The force in the
compression steel C depends on whether the compression
steel has yielded (Eq [24]) or not (Eq. [25]).

83(cy —d’)
(d-c)

(22)

e e
s= 3 )=>e;:

o] e

(23)
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where

d’ = depth from the top of the section to the compression
reinforcement

If the compression steel has yielded, then

C=4 7, 24)
where
A = area of compression reinforcement
f = yield stress of the mild reinforcement
If the compression steel has not yielded, then
le,~d)
C=AEe,+~—— (25)
(da-c)
Y
where
E = modulus of elasticity of the mild reinforcement

K

The yielding moment is defined in Eq. (26) if the compression
steel has not yielded or Eq. (27) if the compression steel has
yielded.

M =4 f (d-ye )+ AE, '%((C:y_—:l),)(ycy —d')  (@6)

M =A f (d=ye, )+ 4 (ye, -d) 27)
When deriving the moment-curvature equations applicable

to prestressed concrete T and I-sections with or without mild
compression steel, the previous equations presented for the
determination of c, remain valid. When the section cracks, the
tensile capacity of the concrete is disregarded. At the yielding
point, the lower flange of the I-section is in the tension zone
of the cracked cross section and can be disregarded. The only
tension force is provided by the prestressing steel as described
in Eq. (19). Given the nonuniform width of T and I-sections,
the neutral axis may be located in the flange or the web. If the
neutral axis is in the web, the variation in the cross-section-

al width is considered by separating the compression force
into two forces C, and C, for deriving the moment-curvature
equations. The first compressive force C| is a positive com-
pressive force derived by using the depth of the neutral axis,
cy, multiplied by the entire flange width. The second com-
pressive force C, is a negative compressive force to eliminate
the overestimation of the first compressive force caused by the
two voids on both sides of the projected web with a width of
(bf— b ) and a depth of (cy - tf) (Fig. 3).

The strains for the prestressing steel in the I-section or T
section are found by Eq. (11) through (13), and the extreme
compressive fiber strain is found by Eq. (14); however, it is
necessary to determine the strain at the compressive flange—
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web junction because that strain is used in determining the
second compressive force C,.

From the linear strain distribution in Fig. 3 and strain compat-
ibility, the strain at the compressive flange-web junction & is
given by Eq. (28).

_ 83(Cy _tf)
o) >

where

1, = flange thickness

After this strain is determined, the stress-strain relationships
for the negative compressive force C, can be obtained. By
integrating Hognestad’s equation from zero strain to the strain
at the compressive flange—web junction, then dividing by the
strain at the flange-web junction, «, is determined by Eq. (29).

— ’ _ ’ gcw _ (gcw)z — 8cw _ (8cw)2
fcw - (szc - fc|: S{ 3(5;)2 :| =0, |: P 3(8;)2 :| (29)

c c

where

a, = proportional factor for the height of the equivalent
rectangular stress block corresponding to C,

For clarification purposes, the proportional term for C, is
labeled a,. In addition, the negative compressive force is
placed at a distance yz(cy - tf) from the compressive flange—
web junction. The neutral axis multiplier v, is given by

Eq. (30).8

1 gcw
3 12¢

v = (30)
1-3-ar

c

The magnitude and placement of the compressive force C,

(Eq. [31]) are the same as for the concrete compressive force C
for a rectangular section. Eq. (16) and (17) are used to deter-
mine the proportional term «, and neutral axis multiplier y, for
C,. On the other hand, the parameter «, and vy, uses the same
Eq. (16) and (17) while replacing the extreme fiber strain & ;
with a strain at the flange-web junction & See Eq. (32).

C=a,fe,b, (31)
where
b, = flange width

C,=a,fc,~1)(b,-b,) (32)
where
b, = web width



g, —f, = strain at the flange-web junction, equal to .9(/,/ ¢, X neutral axis is in the flange or in the web. When the neutral
(cy - t/) axis goes into the web, the compression force is composed

of the forces C|, C,, and C.. Figure 4 shows the linear strain
Substituting Eq. (19), (31), and (32) into the force equilibrium  distribution used to determlne the strains. The stress-strain

equation, ¢ can be directly determined by Eq. (33). relationships and the compression force equations for the mild
' compression steel have been previously presented in Eq. (23),
(,)[(3e,+€,) 1, ]+ (c,)? (24), and (25).
(_3 82 df'b + (6 &t +3et )) ﬂ'( bf _ bw)_ 3Apsf ps(gc) After the neutral axis is located, the curvature is found using

Eq. (21), and the corresponding moment is found by summing
the moments about the centroid of the tension force. If the
64, fpS(EZ)Zd mild compression steel has not yielded, the final moment is
- | determined by Eq. (35).

&,

+e, (_38‘:(2dtf+(tf)2)_383(tf)2)fc’(bf—bw)—

63
2 2 34 st(g:)zdz My = alfv/cybf (d_ylcy)_azfc/(cy _t./')(bf _bW)(d_tf _y2cy)
+ (3e/t 2 d +ey(2,7) £1(b, — b, )+ =L =0 (33) ) )
' ' : E g,(c,-d')(d-a)

T (d-c) (35)
The curvature is determined from Eq. (21). The correspond-
ing moment for the yielding point is found by summing the If the mild compression steel has yielded, the final moment is
moments about the centroid of the tension force. determined by Eq. (36).

The final yield moment equation for an I-section or T section M =o f d— _ e —¢t \b —b _t
without mild compression steel is given by Eq. (34). =Sl ( ey ) 2 (C»" 4 )( 4 “')(Cy 4 )
(d=1,-y.e, )+ 41 (d-a) (36)

My = alfc’cybf (d B VIC},)

-a, f f( c, —t /.)(b = bw)(cy —t f.)(d —t, - }/zcy) (34) Ultimate point The ultimate moment-curvature point is
determined based on the mode of failure (strand rupture of the
prestressing steel or crushing of the concrete). The crushing of

As with the T section having no mild compression steel, the the concrete is taken when the ultimate concrete useful strain
derivation of compressive stresses depends on whether the equals 0.003 in accordance with ACI 318-19.* Accordingly, the

& |5
b

w
P -
<+

Section Strain Stress

Figure 3. Stress and strain diagram for a T section with mild compression steel at first yielding.

Note: A = area of prestressing steel; A’ = area of compression reinforcement; b, = flange width; b, = web width; g,= = depth of
the sectlon neutral axis at first yielding; C = compressive force in the compre55|on reinforcement; C, = first compresswe force; C,
= second compressive force; d = depth from the top of the section to the prestressing steel; d’ = depth from the top of the sec-
tion to the compression reinforcement; h = height of the section; t, = flange thickness; T = tensile force; y, = neutral axis multiplier
corresponding to C; v, = neutral axis multiplier corresponding to C,; ¢, = extreme compressive fiber strain; € = the strain at the
compressive flange-web junction; & = strain in the compression reinforcement; ¢, = strain due to the initial tensioning stress in
the prestressing steel after losses; ¢, = strain due to the decompression of the section at the level of the prestressing strands; &,
= remaining strain in the prestressing strand required for strain compatibility; ¢, = yield point curvature.
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Figure 4. Stress and strain distributions for a T section with mild compression steel at concrete crushing failure mode.

Note: A

. = area of prestressing steel; A’ = area of compression reinforcement; b, = flange width; b,

= web width; ¢, = depth of

Jo

the section neutral axis at ultimate strength; C_ = compressive force in the compression reinforcement; C, = first compressive
force; C, = second compressive force; d = depth from the top of the section to the prestressing steel; d' = depth from the top of
the section to the compression reinforcement; h = height of the section; t, = flange thickness; T = tensile force; y, = neutral axis

multiplier corresponding to C;; v, = neutral axis multiplier corresponding to C,; . = extreme compressive fiber strain; €
= strain in the prestressing strand 4

strain at the compressive flange -web junction; ¢

= the

cw

= strain in the compression reinforce-

ment; &, = strain due to the decompression of the section at the level of the prestressmg strands; e, = remaining strain in the
prestressmg strand required for strain; ¢ = curvature at the nominal ultimate moment.

concrete compression block depth is obtained from the force
equilibrium and strain compatibility equations. These equations
vary depending on whether the compression block is rectangu-
lar or T-shaped and whether the compression steel has yielded.

Based on the PCI Design Handbook,’ the prestressing steel is
assumed to rupture at a strain of 0.05. The rest of the con-
ditions remain the same as with the yielding point. At the
ultimate point, the neutral axis ¢, for a rectangular stress block
is determined by Eq. (37) through (39); these equations are
also valid for a T section with the compression block within
the flange when the section width b is replaced with bf

Eq. (37) is used to determine the neutral axis for a parabolic
stress distribution in a rectangular section with no compres-
sion steel.

((35353 +(e,) ) jj;b}cn )+ (3Am £.(&) ~3e,1berd
(c,) (6Af(c) )c+3Af(£) d’=0 37)
The neutral axis for a parabolic stress distribution in a rectan-

gular section and with compression steel that has not yielded
is determined using Eq. (38).

(SO O

A1, (€] e fed+ 4Bz (& 2)
(24,1, (&) a+ ABe () (a+a)]e,
+(Apsfps( &) d*+AE¢,(e )dd):O (38)
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Equation (39) determines the neutral axis for a parabolic
stress distribution in a rectangular section with compression
steel that has yielded.

(eer+(e)) 0 )

, 2
+(Amfps(gc) —e,fhed+ Af (e ))( c,) (39)
After the location of the neutral axis is defined, the strain at
the extreme compression fiber is determined and the ultimate
point curvature ¢, _is found by Eq. (40).

0.05-¢ -

(d—cn)

For the parabolic stress distribution in a rectangular section,
Eq. (41), (42), and (43) are used to calculate the moment for
no compression steel, compression steel not yielded, and
compression steel yielded, respectively.

€ £

— 9 _ 3
¢”’_c (d c)

(40)

n

M, =T(d-yc,)= Amfm(d—ycn) (41)

83(0 —d')
M =4 fps(d—ycn)+A;Es (d”_c) (ye,-d’)  (@2)
M,=A,f,(d=ye,)+ A4S, (ve,~d) (43)

For a T section or I-section in which the neutral axis falls
within the flange, the moment-curvature equations are almost
the same as for a rectangular section. The only difference is
that the width b is replaced by the width bf. Therefore, the
strand rupture equations for the rectangular section can be



referenced with the change of width. If the neutral axis falls
within the web of the component, the moment-curvature
equations are as follows.

Eq. (44) is used to determine the neutral axis for a parabolic
stress distribution in a T section without mild compression
steel.

(e, [(3e+) 1, ]+
() {(—%gdﬁyw +(6elt,+3ey, )) £(b,-b,)- %Zil +

c, l(—&s:(zdtf +(t,7)-32,t,2 ) (b, b, )

3

7\2 g2
3Apsfps(80) d

l(38:(tf)2d+83(tf)2)fc'( = b, )+ 1=0 (44)

3

The neutral axis for a parabolic stress distribution in a T
section with mild compression steel that has not yielded is
determined using Eq. (45).

(c,)'[(3e+2,) 5, 1+ (e, | (32241,

, 2
+ (62, +3ey /)) (e, —b“,)—%+3flﬁs(s§)z
3

‘e, (—353(2@ +(tf)2)—383(tf)2)fc'(bf ~b,)

, 2
ALl e -

o\ (el aveo, ) ) e, -,

+34E,(¢') dd’ |=0 (45)

Eq. (46) is used to determine the neutral axis for a parabolic
stress distribution in a T section with mild compression steel
that has yielded:

(c,)'[(3e+e,) 18, ]+(c,) (—3g;dﬁ’bw

34,1, -41,)()

&

e s -0

3

v, (-aer(2at, (1) )20, ) 6, )

6(4, 0, -4 )(&)

&

3

64 f (e)d
WAGH 1+
&

(el e o) )t )

At s )(e)

&

~0 (46)

3

The curvature is determined from Eq. (40). The correspond-
ing moment for the strand rupture ultimate point is found by
summing the moments about the centroid of the tension force.

The ultimate moment for the parabolic stress distribution in a
T section without mild compression steel is given by Eq. (47).

Mn = alf;',cnbf (d - 7lcn)
—azfc'(cn _ tf)(bf - bw)(cn - l‘f.)(d —t - yzcn) (47)

Equation (48) is the moment equation for the parabolic stress
distribution in a T section with mild compression steel that
has not yielded.

—_ 7
Mn - aljfccnbf (d - ’)/ ¢

1"n

)- 0‘2fc,(cn - ’f)(bf - bw)(d a yzcn)
&(c,—d')(d-d)

(d=c,)

Equation (49) is the final moment equation for the parabolic
stress distribution in a T section with mild compression steel
that has yielded.

+AE, (48)

Mn = alf:cnbf (d - 7/lcn)

—0). (cn ~l )(b/ - bw)(cn —l )(d A 7zcn)
’ ’
+Af (d-d’) (49)
For determining the ultimate point, it is also necessary to
determine whether the member will fail due to concrete crush-
ing before the prestressing steel ruptures. For the rectangular
cross sections, a concrete crushing failure is more likely due
to the reduced concrete compression area, when compared
with a T section or I-section. Therefore, initially assume that
rectangular sections will fail in concrete crushing.

For a concrete crushing failure, the strain at the extreme con-
crete compressive fiber is 0.003.* As with the yielding point
and ultimate point for strand rupture, strain-compatibility
analysis is used to determine the ultimate moment and corre-
sponding curvature for concrete crushing. The only difference
is that both the tension and the compression force are depen-
dent on the neutral axis location.

The first step is to determine the strain relationships for the
various materials. The strain in the prestressing steel due to
initial stressing is determined by Eq. (11) and (12); however,
the total strain in the prestressing steel cannot be determined
until the strain due to the external moment is determined.
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Because the failure mode is concrete crushing, the total
prestressing strain is not known in advance (unlike the cases
of yielding point and strand rupture). Therefore, it is nec-
essary to determine the prestressing strain due to the exter-
nal moment ¢, from the strain compatibility as it relates to
concrete extreme compression fiber strain. Figure 4 shows the
stress and strain distributions for a T or I-section member at

a concrete crushing failure. Those distributions are also valid
for rectangular sections when the compression block is only
in the flange section with C, equal to zero.

Referencing Fig. 4, Eq. (50) is used to determine &,.

£, (d -c, )
c

n

&=

(50)
where

» = extreme compressive fiber strain at concrete crushing
The strain from the external moment is dependent on the
location of the neutral axis. Because the tension force is not
known when the mode of failure is concrete crushing, the total
strain in the prestressing steel is as follows:
£, (d - cn)
£ =¢g+e,+———"

ps 1 2 c

n

With the total strain &, known in terms of depth of the section
neutral axis at ultimate strength ¢ , the stress in the prestress-
ing steelfps can be determined in terms of depth of the section
neutral axis at ultimate strength ¢ . The prestressing strand is
assumed to have yielded, and it is either 250 or 270 ksi (1720
or 1860 MPa), low-relaxation, seven-wire strand; these two
types of strand have different stress-strain relationships at
yielding.? For 250 and 270 ksi strands, the prestressing stress
after yielding is:

0.04
S elima)
£ +E + Ty,
C'l
where
X, = constant based on the yield strength of the prestress-

ing strand (x, = 0.0064 for 250 ksi prestressing strand
and x, = 0.0070 for 270 ksi prestressing strand)

Because the neutral axis is unknown, the prestressing steel
tension force is determined in terms of the depth of the
section neutral axis at ultimate strength ¢ . In addition, tensile
force T is not dependent on the concrete cross-section type

or the presence of compression mild steel; therefore, Eq. (51)
can be used for any of the cross sections considered.

0.04
e 7o)

n

I'=4, fpu— (&2))]
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The compression force equations are dependent on whether or
not there is mild compression steel and the type of concrete cross
section. Because the strain at concrete crushing is 0.003, the
proportional terms « and «, and the neutral axis multipliers y and
v, are known; however, the proportional term «, and neutral axis
multiplier v, are dependent on the location of the neutral axis.

Equations (52), (53), and (54) are neutral axis equations for
the concrete crushing failure mode of a rectangular com-
pression block without mild compression steel, a rectangular
compression block with mild compression steel that has not
yielded, and a rectangular compression block with mild com-
pression steel that has yielded, respectively.

[ocfu'b(es1 +e, —(scu +xl))](cn)2
+[a fhe,d- 1,4 (e+e,~(e, +x1))+O.O4ApS]cn
—f A de =0

pu’ " ps c1

(52)
[acsple+e,~(e,+x)(c.)

+lafbe,d- 1,4, (e+e,~(e,+x))+0.044,

+AEe

Ly cu(gl+82_(£cu +xl)):|(cn)2

+|:—f A de +AE, (ew )2 d-AEde, (51 +€, —(sw + xl))}cn

pu’ps

~A'E,(e,) dd=0 (53)
s (e, + &~ (e, +3)](c,) +

|afed- 1,4, (e +e,~(c,+x))

+0.044, + A f (e, +&, (g, +x, ))]c

~(f,4,de,~ AEg, d)=0 (54)

After the neutral axis is determined, the curvature and the
corresponding moment can be determined. The curvature is
found from Eq. (55).

e 0.003
¢n = =

c c

n n

(55)

The corresponding moment for the ultimate point is found

by summing the moments about the centroid of the concrete
compressive force. Equations (56), (57), and (58) determine the
ultimate moment for a rectangular compression block without
mild compression steel, a rectangular compression block with
non-yielded mild compression steel, and a rectangular compres-
sion block with yielded mild compression steel, respectively.

0.04
£ +¢g, +£”‘(i_c")—x

n

M, =4, f, - (d-yc,) (56)

1



Mn=Aps' fpu Cu(d—cn) (d—]/Cn)
ge, +0 oy,
+AE, a (4 _d’)(}/cn ~d’) (57)
0.04
Mn:Aps fpu_ gcu(d_cn) (d_ycn)
£+ e+ oy,
+Af (ye,-d) (58)

Because the flange of a T section or I-section is relatively wide,
the concrete crushing failure mode is less likely to control the
ultimate capacity in these types of sections (compared with a
rectangular section). Therefore, the derivation of the moment—
curvature equations for T section and I-section components in a
concrete crushing failure mode is not discussed here.

Structural response (load-deflection
behavior)

The structural response for the component is determined after
the four points that define the trilinear moment-curvature re-
lationship for the particular cross section are established. The
response is determined using the first and second moment-ar-
ea theorems. The first theorem validates that the curvature,

at any point, is equal to the ordinate M/EI, where M is the
moment, E is the modulus of elasticity, and 7 is the moment of
inertia. The second theorem is then used to find the maximum
deflection at midspan. Figure 2 illustrates the trilinear mo-
ment-curvature behavior of a prestressed concrete beam.

The effective flexural rigidity of the section reduces with in-
creased moment. The beam is divided into three general regions:
uncracked, postcracked, and postyielding. The uncracked region
is terminated by the external moment required to cause the
tension stress f in the bottom extreme concrete fiber. The post-
cracked region is bounded by the first cracked boundary point
and an external moment that causes the prestressing strand to
yield, at 0.01 strain. The postyielding region is bounded by the
first yielding boundary point and the external moment required
for the member to fail, by strand rupture or concrete crushing.
Each of the boundary moments has a corresponding curvature:
uncracked region, postcracked region, and postyielding region,
as defined by Eq. (59), (60), and (61), respectively.

¢, = ((AA:)) (¢, -9,)+9, (59)
9,= EZ - g ; (0,-0.)+0, (60)
¢QZEZQ:g}i;(¢n_¢.V)+¢y Gy

where
¢, = curvature corresponding to the maximum moment

The locations and sizes of the regions depend on the level and
type of applied load. This formulation furnishes closed-form
expressions for midspan deflection 4 dspan of simple beams
under four-point bending and uniformly distributed load. The
general solution can be obtained by adding the deflection
contribution of the three regions, as shown in Eq. (62).

A ian = 0,+0,+0,= J.OLg x¢, (x)dx

L
+f LL x4, (x)dx+ jLz x¢, (x)dx (62)

where

¢, = uncracked curvature

¢,,C = postcracked curvature

(bpy = postyielding curvature

Four-point bending The four-point bending loading condi-
tion is characterized by two equal point loads placed symmet-
rically on the beam. Figure 5 shows this condition for half of
the beam.

The four-point bending loading condition simplifies load-de-
flection analysis because the moment increases linearly from
the beam support to the application point of the force and
moments remain constant between loading points. Applying
the trilinear moment-curvature response to the beam, the
curvature distribution within each flexural stiffness region

is linear. Regular shapes, such as triangles and rectangles,
constitute the areas under the moment-curvature diagram. The

PI2
Uncracked Postcracked Postyield
region region region

L
9 L,

L/2

v

Figure 5. Profile of a half beam showing the three distinct
regions.

Note: L = span length; L_ = length from the support to the

load application point; Lg = length from the support to the

cracking moment location (uncracked region); LV = length
from the support to the yield moment location; P = point
load.
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regular shapes allow for closed-form expressions for midspan
deflections to be obtained. These expressions are determined
by summing the moment of the areas under the curve rela-
tive to the end point, and their derivations depend upon the
moment at the load application point. Equation (63) gives the
moment at the point of load application M.

M = FL, (63)
)
where
P = point load
L = length from the support to the load application

point

The deflection expressions are separated into three scenarios:
the uncracked region where M < M _; the postcracked region
where M <M <M ; and the postyielding region where M <
M _ <M . These scenarios are denoted by the flexural stiffness
region where the moment at load application M lies. Therefore,
the uncracked, postcracked, and postyielding regions are used
to indicate the deformation progression. Figure 6 shows the
curvature distribution for the uncracked, postcracked, and post-
yielding scenarios for the four-point bending case.

After curvatures are determined for the uncracked scenario
(Fig. 6), the first region can be represented by the classical
uncracked beam problem, producing a midspan deflection

described by (Eq. [64]).

¢in 2 ¢a 2 2
midspan :Z(La) +a(3L _4(La) ) (64)
where
¢, = curvature corresponding to the maximum moment
_ M, (0,-9,)+9,
Mcr cr m 1
. PL
M, = applied moment = ——*
E, = modulus of elasticity of concrete = 57,000 \/76'
with [/ in psi or = 4700 \/” with \/ in MPa
L, = length from the support to the load application
point (shear span)
L = beam span

The deflection Eq. (64) is valid if M is less than the cracking
moment M_. If the beam is unloaded, the curvature corre-

¢
¢a ¢CI’ ......................................................... a
|\ in /%qﬁin
77 Lg
a > — L,
L2 - > L2
Uncracked Postcracked
¢y ¢a
by
binf7
LQ
Ly
> 2
Postyielding

Figure 6. Curvature distribution for the uncracked scenario, postcracked scenario, and postyielding scenario for the four-point
bending case.
Note: L = span length; L_ = length from the support to the load application point; Lg = length from the support to the cracking

moment location (uncracked region); Ly = length from the support to the yield moment location; ¢, = curvature at the point of

load application; ¢_, = curvature at the cracking moment location; ¢, = initial curvature; (/)y = yield point curvature.
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sponding to the maximum moment ¢ equals the initial curva-
ture ¢, , and the maximum initial camber is obtained.

For the postcracked scenario, three curvature points define the
moment-curvature response (Fig. 6), with the extent of the
cracking region defined as Lg (Eq. [65]).

—_— 2ML’}’
L= 7 (65)
where
14, +R)¢
M, = ( £ ) +Pe
Y,
/. = modulus of rupture according to ACI 318-19
Y, = distance between the neutral axis of the uncracked

transformed section to the extreme fiber in tension

The midspan deflection is determined using the moment-area
theorem by analytical integration of the moment of curva-
ture distribution along half the span about the hinge support
(Eq. [66]).

L
Ay = [E0(0) 0= 0, (x)

L
L —
+ ng xp (x)dx+ jLZ x¢, dx (66)
where
¢(x) = generic curvature expression for a beam
¢,,E(X) = curvature expression for the postcracked region
P, = maximum curvature for the constant moment region
The uncracked curvature ¢, is defined in Eq. (67) and the
postcracked curvature q’)pr is defined in Eq. (68).
Mx
¢un ('x) = ¢in + Al( ) (¢cr - ¢in) (67)
where
M(x) = moment expression as a function of x
M(x)-M,
0u()=0,+ e (0,-9.) (68)

To solve the integration, triangular and rectangular areas are
used to find the moment area under the curvature diagram at
the postyielding stage in closed form (Fig. 6). This leads to

a midspan deflection equation (Eq. [69]) that is valid if the
applied moment is less than or equal to the yielding moment.

e, e,
P AR
(La + Lg)

6

¥ (0,2,-0,L,) (69)

In Eq. (69), maximum curvature for the constant moment
region ¢ is calculated by linear interpolation between the
cracking curvature ¢ and the yielding curvature ¢ , as shown
in Fig. 6 and given by Eq. (60). '

In the postyielding scenario, four curvatures define the
moment-curvature response (Fig. 6). Upon yielding of the
prestressing steel (tension), sections in the postyielding stage
are assumed to be fully cracked. The moments and their corre-
sponding curvatures are previously defined, except for M, and
¢,. The location of the cracking moment is determined from
Eq. (65), and the location of the yielding moment is deter-
mined from Eq. (70).

2M,

L [
7P
The midspan deflection in terms of the curvatures and their
locations yields Eq. (71).

(70)

A= [ 30, (e [, 59, (x)ds

+J‘LL xp,, (x)dx+J‘L§x¢a dx (71)

where

¢, (x)

- = curvature expression for the postyielding region

The uncracked curvature ¢, is defined in Eq. (67); the post-
cracked-to-yield curvature q’)m is defined in Eq. (68); and the
postyielding-to-nominal (ultimate) curvature q’)pv is defined in

Eq. (72).
M(x)-M,
W(% _‘/)y)

n Y

(72)

In addition, ¢, is calculated by linear interpolation between
the yielding curvature ¢ and the ultimate curvature as shown
in Fig. 6 and given by Eq. (61).

M is calculated by Eq. (26), (27), (34), (35), or (36), depend-
ing on section shape and compression mild steel condition; P,
is calculated by Eq. (21); M is calculated by Eq. (56), (57), or
(58), depending on section shape and compression mild steel
condition; ¢ is calculated from Eq. (55). Equation (73) can
be used as the general equation to calculate midspan deflec-
tion of simple beams subjected to four-point bending. In this
case, L equals L and ¢ equals ¢ may be substituted to show
this reduction. '

2
+7¢y[4“ _¢"Ly (La + Ly)

G (73)

Uniform loading While the four-point bending condition
provides a simple loading case for a deflection analysis, the
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use of four-point bending is typically limited to laboratory
tests. A more common loading case is uniform loading, which
is also a symmetric loading case. The uniform loading case

is characterized by a load w distributed evenly across the
component. Moment-area theorem is used to determine the
deflection at midspan. Because the load is distributed across
the entire beam evenly, the moment distribution is not linear.
Therefore, when the trilinear moment-curvature relationship is
applied to a component, the curvature distribution is parabolic
in each region. Figure 7 shows the curvature distribution for a
uniform loading condition.

The curvature distribution corresponding to the parabolic
moment diagram of the uniform load case is determined
by integration in closed form. The solution is obtained
by adding the deflection contribution of the three regions

(Eq. [66]).

The moment along half of the beam is given by Eq. (74).

oML
2 2
For deflection at the uncracked stage, M and L, can be sub-
stituted in Eq. (74) for M and x, respectively, and the equation

can be solved for Lg (Eq. [75)).

(74)

8SM

1_ cr

g 2 2 wl?

(75)

With the location of the cracking moment found, the deflec-
tion contribution of the uncracked region is determined. The
first integral of Eq. (62) produces Eq. (76).

51 _ W(Lg )3 (¢cr _¢in)(£_i]+ 9, (Lg )2 (76)
2M 3 4 2

cr

If the member has not cracked, L/2 is substituted for Lg in
Eq. (76) and simplified to Eq. (77).

i 5WL4(¢L,,._¢1';1)+¢1' I _ SwL' N Pel’ -
midspan 384M 8 384E1, BEI,

Similar to the cracking point, the yielding moment location is
determined from Eq. (78). If the terms M and L are substi-
tuted for M and x, respectively, in Eq. (74), the location where
the first yield occurs along the length of the member can be
calculated by Eq. (79).

)
y 2 y 2

(78)

d’in L

v

AN N SNNN

g L/2

\4

Figure 7. Curvature distribution for uniform loading condition for the half span.
Note: L = span length; Lg = length from the support to the cracking moment location (uncracked region); Ly = length from the
support to the yield moment location; ¢, = curvature at the point of load application; ¢_, = curvature at the cracking moment

location; ¢, = initial curvature; d)y = yield point curvature.
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(79)

In addition to determining the location of the first yielding
point, Eq. (60) is used to determine the postcracked flexural
stiffness region in the curvature distribution. The deflection
contribution for the postcracked flexural stiffness region
represented by Eq. (80) is derived by substituting Eq. (74) and
Eq. (60) into the second term of Eq. (62) and simplifying.

= wuyf[L_Ly}Mﬂ(w—(er)

(My_M) 2 |3 4 2

6:

2

(80)

For the postyielding flexural stiffness region, the curvature
distribution is determined by Eq. (61). The maximum moment
M is located at L/2 due to the symmetric loading condition and
simply supported end condition. Therefore, if the member has
not reached the postyielding flexural stiffness region, the contri-
bution of the postcracked flexural stiffness region is determined
by substituting L/2 for L in Eq. (30) to yield Eq. (31).

(¢y—¢c,) SwLlt M, > I
52=(My—Mc,~) 384 2 [( y _Tj

() 510

Then, to determine the total deflection of the member,
Eq. (76) and (81) are added together to yield Eq. (82).

(L) (e, —%)[g_i}

81)

¢f" (Lg )2
2

midspan 2 M 3 4

cr

+

(¢y —¢m~) Swr! M, [(Lg)z o ]

(My—MC,) 384 2
(82)

Substituting Eq. (78) and Eq. (61) into the third term of
Eq. (71) creates Eq. (83), which gives the deflection contribu-
tion of the postyielding flexural stiffness region.

3
o 0] szt df o 2y WL) (1 L,
. (Mn—My) 384 2 |\

4/ 2 (3 4

(83)

Equation (84) determines the deflection at midspan of a beam
that has a postyielding region. This equation is produced by
inserting Eq. (76), (80), and (83) into Eq. (62) for the first,
second, and third terms, respectively.

idspan — 01 T 0y T 03 = oM, 3 T
(0,-0,) [wLi(1 1) M, (;-L})
M-m) 2|3 4 2

(84)

Comparisons of predictions
and experimental results

The proposed trilinear method was checked against data from
investigations of six prestressed concrete specimens, includ-
ing some that have moment-curvature comparisons, some that
have load-deflection comparisons, and some that have both.
The specimens were rectangular or T-shaped sections with or
without mild compression steel and were tested in three- and
four-point bending and uniform loading.

Beams tested by Warwaruk et al.

Warwaruk et al.” conducted extensive experimental work,

82 rectangular prestressed concrete beams, at the University
of Illinois in the early 1960s. These tests included bonded,
unbonded, and partially bonded beams. The major variables
involved were: the amount of reinforcement (0.10 to 0.95%),
the concrete strength (1270 to 8320 psi, 8.8 to 57.4 MPa), the
effective prestress (20,000 to 150,000 psi, 138 to 1034 MPa),
and the loading (midspan and two equals loads at third points
of the span). Warwaruk'® used specimens from Warwaruk

et al.? to presented moment-curvature and load-deflection
experimental data on prestressed concrete beams. In addition,
Burns'' used the Warwaruk et al.’ test specimens to provide
the stress-strain relationship, which matches closely to the
PCP bilinear approximation, for the prestressing strand used.
These three manuscripts presented similar data; the selected
specimens are shown in Table 1.

Figure 8 shows the moment-curvature curves for beam 1 pre-
sented in Warwaruk et al.” and Warwaruk'® and the proposed
trilinear method accurately represents the moment-curvature
graph (shown by the solid, blue line with diamonds) of the
test specimens. In addition, Fig. 9 shows that results from the
proposed method correlate well with the experimental data

in the linear elastic, postcracked, and postyielding regions.
The major difference is that the ultimate curvature, shown in
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Table 1. Specimen data from Warwaruk et al.

Prestressing

Beam mark Height, in. Width, in. ———
1 12 6 9 5280 118 0.091
2 12 6 9 3970 114 0.211
3 12 6 9 5230 112 0.362

Source: Data from Warwaruk et al. (1962).

Note: Aps = area of prestressing steel; fc’ = design compressive strength of concrete; £, = initial tensioning stress in the prestressing steel after losses. 1in.
=254 mm;1in.2 = 654.2 mm2; 1 psi = 6.895 kPa; 1 ksi = 6.895 MPa.
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Figure 8. Moment-curvature graph for beam 1in Burns and Warwaruk.

Sources: Data from Burns (1964) and Warwaruk (1965).
Note: PCl 9-1 numerical method = numerical analysis results presented in Burns. 1in. = 25.4 mm; 1 kip-in. = 0.113 kN-m.

Fig. 8, and the corresponding ultimate deflection, shown in parameters for these two specimens were relatively consis-
Fig. 9 as the solid blue line with diamonds, predicted by the tent.’ This increase in prestressing steel increased the ultimate
proposed method are larger than the experimental (shown by moment capacity and reduced the maximum curvature of beam
the solid green line) and numerical analysis results (shown 2; also shown in Burns’!! results. The increase in ultimate

by solid pink line with squares) presented in Burns'' in Fig. 8 moment capacity and reduction in maximum curvature were
and Warwaruk'® in Fig. 9. The larger deflection prediction is due to the increase in tension force and the lowering of the

a direct result of the larger ultimate curvature. The larger ulti- neutral axis at the failure moment. Figure 10 shows that the

mate curvature can be attributed to the use of actual curvature  proposed trilinear method (shown by the solid blue line with

at the center of the span calculated in the presented procedure  diamonds) correlates well with the numerical analysis results

instead of the average curvature as presented by Burns.'! (shown by solid pink line with squares) presented in Burns'';
however, Fig. 11 shows a significant difference between the nu-

Compared with beam 1, the area of prestressing in beam 2 was merical analysis results (shown by solid pink line with squares)

increased to 0.211 in.? (136 mm?), while the rest of the beam presented in Warwaruk'® and experimental (shown by the solid

PCl Journal | January-February 2026




Load-Deflection Graph

4.9
Ly
10 B
8
s
i~
-} 6
©
: [
|
p
4
—e— Proposed trilinear
5 method
= —&—PCI 9-1 Numerical
method
Experimental Data
o<
0

0.5 1 1.5 2 2.5 3 3.5

Deflection, in.

Figure 9. Load-deflection graph for beam 1in Burns and Warwaruk.

Sources: Data from Burns (1964) and Warwaruk (1965).
Note: PCI 9-1 numerical method = numerical analysis results presented in Warwaruk. 1in. = 25.4 mm; 1 kip = 4.448 kN.
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Figure 10. Moment-curvature graph for beam 2 in Burns and Warwaruk.

Sources: Data from Burns (1964) and Warwaruk (1965).
Note: PCl 9-1 numerical method = numerical analysis results presented in Burns. 1in. = 25.4 mm; 1 kip-in. = 0.113 kN-m.
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Figure 11. Load-deflection graph for beam 2 in Burns and Warwaruk.

Sources: Data from Burns (1964) and Warwaruk (1965).

Note: PCI 9-1 numerical method = numerical analysis results presented in Burns. 1in. = 25.4 mm; 1 kip = 4.448 kN.

green line) moment-curvature curves and the proposed method
in the postcracked region. This difference is due to the use of
a simplified trilinear relationship to represent the moment-cur-
vature in the proposed method. Nevertheless, the proposed
procedure yields conservative results. Figure 11 shows that

for deflection calculations, the discrepancy caused by using a
trilinear moment-curvature response is minor.

The area of prestressing steel in beam 3 was 0.362 in.?

(234 mm?). Compared with beam 2, the ultimate moment ca-
pacity increased and the maximum curvature decrease. However,
due to the increase in prestressing steel, the beam reached the
ultimate moment stage prior to strand yielding, at a strand strain
of 0.0088. As a result, the proposed trilinear response curve of
the moment-curvature and load-deflection responses show no
yielding plateau. This case represents a brittle failure due to the
attainment of concrete crushing prior to strand yielding driven by
the high strand area used in this beam specimen.

Figures 12 and 13 show good correlation between the proposed
trilinear method (shown by the solid, blue line with diamonds)
and the experimental (shown by the solid green line) and the
numerical analysis results (shown by solid pink line with
squares) presented in Burns'! in Fig. 12 and Warwaruk'® in

Fig. 13. The major discrepancy is due to the use of the trilin-
ear curve for the moment-curvature response in the proposed
method. The discrepancy is reflected in Fig. 13 but the pro-
posed trilinear curve still closely reproduces the moment-cur-
vature curve from previous studies®!*!" however, because the
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magnitude of the discrepancy is small, the proposed method
still gives accurate and conservative deflection predictions.

As with beams 1 and 2, the moment-curvature curve for the
proposed method was artificially zeroed for beam 3. Because
the yielding plateau of the moment-curvature response de-
scends slightly, adjustments were also made to the deflection
calculations in the proposed method - the location of the yield-
ing point and cracking point were held constant after yielding
point reach the point of load application. In addition, the cur-
vature for the shear region of beam 3 was allowed to increase
linearly to the ultimate curvature as the moment decreased. The
changes allowed the load-deflection response to capture both
the increased deflection and the release of the load. Therefore,
the load-deflection response has a descending yielding plateau.

Beams tested by Paranagama
and Edwards

Paranagama and Edwards'? studied the response of pre-
stressed beams to cyclic loading along with one control
beam for each underreinforced, overreinforced, and balanced
condition. For this study, we compared data for the stati-
cally loaded control beams A1 (balanced condition) and B1
(underreinforced condition) to predictions from the proposed
trilinear method. The specimen data from Paranagama and
Edwards are presented in Table 2. The loading setup was

a single point load in the middle of the beam, three-point
bending; however, Paranagama and Edwards'? only provided
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Table 2. Specimen data from Paranagama and Edwards

Prestressing

Beam mark Height, in. Width, in. .
depth, in.
Al 8 4 5.39 5065 35 0.09
Bl 8 4 5.44 5430 46 0.09

Source: Data from Paranagama and Edwards (1969).

Note: A = area of prestressing steel; fC’ = design compressive strength of concrete; f,, = initial tensioning stress in the prestressing steel after losses.1 in.

=254 mm; 1in.2 = 654.2 mm2; 1 psi = 6.895 kPa; 1 ksi = 6.895 MPa.

moment-curvature data, not load deflection data for the test
specimens; therefore, the loading setup is not as important
as material properties and cross-section layout. The concrete
used for the specimens had a % in. (9.5 mm) maximum
aggregate size and a cylinder strength ranging from 3850 to
5550 psi (26.5 to 37.9 MPa). All beams had stirrups at 4.5
in. (114 mm) spacing.

The presence of the confinement steel allowed the concrete to
reach higher compressive strains than ultimate useful com-
pressive strain of 0.003 before failure; however, the proposed
method does not take into account the effect of confinement
steel. In Fig. 14, the beams exhibit greater curvatures and ulti-
mate moments compared to predictions from the conservative
proposed method that does not account for the confinement
reinforcement (ultimate useful compressive strain of 0.003).
Despite this conservatism, the proposed method remains appli-

cable for the beams presented by Paranagama and Edwards."
The experimental data assumed zero curvature of the beam
without an external load applied. Consequently, the proposed
method was artificially zeroed for meaningful comparisons. In
addition, a prestressing strand yield strain of 0.0087 was used in
the proposed method for this comparison, instead of the typical
strain of 0.01, to align with the yield strain, 0.0087, specified by
Paranagama and Edwards'? in their tests.

Beam A1 was the statically loaded control beam for the
balanced design case. In Fig. 14, the moment-curvature
graph depicts the experimental data alongside results from
the proposed method. Good correlation is shown between the
proposed method and the experimental data for the range of
the proposed method. The predicted cracking, yielding, and
ultimate points exhibit particularly strong alignment with

the corresponding experimental data; however, the influence
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of confinement becomes evident through the larger ultimate
moment and corresponding curvature of the experimental data.

Beam B1 was the statically loaded control beam for the underre-
inforced design case. Figure 15 presents the moment-curvature
responses for the experimental data and the proposed method.
Figure 15 shows good correlation between the proposed method
and the experimental data, except for the additional moment and
curvature in the experimental data (the continuation of the solid
pink line with squares) due to the confinement effect.

The moment-curvature graphs for beams Al and B1 reveal only
minor differences, suggesting that beam B1 was only slightly
underreinforced; however, several differences between the two
specimens exist. First, B1 exhibits a higher initial prestress-

ing strain than A1. The higher initial strain leads to the higher
cracking moment for B1, although it does not significantly affect
the ultimate moment or curvature. Second, the final curvature for
B1 is noticeably larger. Beams A1 and B1 have the same amount
of prestressing steel, and so the difference in final curvature is
caused by the effective depth of the prestressing strand. The
effective depth for B1 is 5.44 in. (138 mm), compared with

5.39 in. (137 mm) for A1. The larger prestressing strand depth
for B1 leads to a larger prestressing strain to achieve a concrete
compression failure, which governs the ultimate condition of the
beams. Therefore, the larger prestressing strain leads to a larger
curvature. In addition, as the moment arm and prestressing force
change, the ultimate moment changes slightly.

Beams tested by Rasheed et al.

Rasheed et al.'® presented experimental data pertaining to
four prestressed concrete tapered-web T girders strength-
ened with fiber-reinforced polymer, and one control beam
(beam 1) that did not have any external fiber-reinforced
polymer. Cross-section properties for all the beams are the
same, except for the fiber-reinforced polymer. The gross
cross section was a tapered T section with a flange width of
18 in. (450 mm) and a flange depth of 4 in. (100 mm). The
web tapered from 6 in. (150 mm) at the flange-web junction
to 4 in. at the bottom of the beam. The total height of the
cross section was 14 in. (350 mm). Two straight strands of
% in. (9.5 mm) diameter, 270 ksi (1860 MPa) low-relax-
ation prestressing steel were placed at 2 in. (50 mm) and

4 in. from the bottom of the cross section. The girder had
mild compression steel and shear reinforcement. The initial
stress in prestressing strand was 165 ksi (1140 MPa) after
losses. A crack former was used to precrack the beams at
the midspan.

The use of a tapered T section is outside the scope of the
proposed analysis method; however, reasonable results were
determined with five assumptions: an average web width was
used; mild steel in the tension region of the cracked section
was neglected for simplicity; the mild steel in the compres-
sion region was lumped at the centroid of the compression
steel; the prestressing strand was located at its centroid; and
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the precracking of the beam was ignored for initial point and
cracking point calculations.

Figure 16 compares curves for the experimental (shown by
solid orange lines with triangles), numerical (shown by solid
blue line with diamonds for the uncracked and by solid pink
line with squares for pre-cracked), and proposed trilinear
method (shown by solid green lines with x’s) load-deflection
data pertaining to the control beam. The linear elastic region
of the load-deflection response shows excellent (almost
identical) correlation between the experimental data and the
proposed method. The cracking point was adjusted because a
crack former was used. Therefore, an experimentally mea-
sured bond stress (4\/76’ ) between steel and concrete was used
instead of the modulus of rupture of concrete to determine
the cracking point. The yielding point and ultimate moment
of the proposed method have relatively good correlation to
the experimental data except a large discrepancy between

the ultimate deflections occurred. The experimental test was
performed in load control, which record large displacements
at the failure load. The deflection of the proposed procedure
still yields a larger deflection at failure than the other numeri-
cal responses. This difference may be because the incremental
numerical analysis misses the exact failure load within the in-
crements whereas the proposed procedure exactly determines
the ultimate point.

The stress in the prestressing strand-applied moment curve
can be determined from the proposed method. The initial
stress in the prestressing strand is known from determining
the initial prestressing force P,. For the control beam, the
initial stress in the prestressing strand was 165 ksi (1140

MPa) after losses. The stress in the prestressing strand at
cracking is determined by adding the change in strain at the
prestressing level from the initial point to the strain caused
by the initial stress in the prestressing strand. Then the stress
in the prestressing strand is determined from the stress-strain
curve for 270 ksi (1860 MPa) low-relaxation prestressing
strand. The yielding strain in the prestressing steel is known,
so the stress is determined from the stress-strain curve. In
addition, because the failure mode for the beam was strand
rupture, the ultimate strain is also known, and the ultimate
stress can be determined from the stress-strain curve. All of
the applied moments are known from determining the trilinear
moment-curvature response. Figure 17 shows the numerical
stress-moment curve presented by the Rasheed et al.13 and
the stress-moment curve from the proposed trilinear method.
Figure 17 shows good correlation between the two curves for
the uncracked region; however, as the yielding and ultimate
moments for the proposed method are less than the numerical
analysis, the curves begin to deviate after the cracking point.
Nevertheless, the proposed method provides a conservative
estimation of the stress in the prestressing strand due to

the applied moment. The determination of the stress-mo-
ment curve is required to determine the change in stress in
the prestressing strand at service live loads. The American
Association of State Highway and Transportation Officials’
AASHTO LRFD Bridge Design Specifications' limit the
change to 18 ksi (120 MPa) for straight strands.

Conclusion

The proposed trilinear method provides a reliable mo-
ment-curvature response and accurate closed-form short-
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Figure 16. Load-deflection graph for control beam in Rasheed et al.

Source: Data from Rasheed et al. (2006).
Note: 1in. = 25.4 mm; 11b = 4.448 N.
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term deflection predictions for prestressed concrete compo-
nents with fully bonded, straight strands. The predictions are
accurate for the entire component response, including the
postyielding region. Overall, the proposed method correlates
well with both the experimental and numerical results from
the literature. This method may be used as a valuable tool
for determining analytical nonlinear predictions. The effect
of confinement steel was neglected and the compressive
concrete failure strains were limited to 0.003 in the proposed
method, which led to conservative predictions for some
components that failed in concrete crushing. It is assumed
that the trilinear moment-curvature response provides some
tension stiffening in the postcracking region (before yield-
ing) of the proposed method because the component is not
completely cracked.

Because the proposed method accurately determines the
failure mode, it improves the designer’s understanding of a
component’s structural response failing in concrete crushing
or strand rupture. The proposed method produces accurate
predictions for the specific cross sections and loading patterns
presented, and it is intended to be used following ACI 318-19
guidelines for prestressed concrete flexural components in
analytical design computations.
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Notation
Ag, = gross area of the transformed section
A = area of prestressing steel

s

= area of compression reinforcement

b = section width

bf = flange width

b, = web width

c, = depth of the section neutral axis at ultimate strength
c, = depth of the section neutral axis at first yielding

C = concrete compressive force

C, = compressive force in the compression reinforcement
C, = first compressive force

C, = second compressive force
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d

dl

= depth from the top of the section to the prestressing
steel

= depth from the top of the section to the compression
reinforcement

= eccentricity of prestressing strands to the center of
gravity of the transformed section

= modulus of elasticity

= modulus of elasticity of concrete

= modulus of elasticity of the prestressing strands
= modulus of elasticity of the mild reinforcement
= stress in the extreme bottom fibers

= concrete compressive stress

= design compressive strength of concrete

= stress in the prestressing steel

= ultimate stress of the prestressing steel

= yield stress of the prestressing steel

= concrete rupture strength

= stress in the compression reinforcement

= initial tensioning stress in the prestressing steel
after losses

= stress in the extreme top fiber

= yield stress of the mild reinforcement

= height of the section

= moment of inertia

= gross moment of inertia

= gross moment of inertia of the transformed section
= moment of inertia at the nominal moment

= moment of inertia at yield

= span length

= length from the support to the load application point

= length from the support to the cracking moment
location (uncracked region)


https://doi.org/10.14359/12662
https://doi.org/10.15554/pcij.10011965.67.80
https://doi.org/10.15554/pcij.08011969.62.74
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L = length from the support to the yield moment loca-
tion

M = moment

M(x) = moment expression as a function of x

M, = moment at the load application point

M, = cracking moment

M, = nominal ultimate moment

M, = ultimate moment

M, = moment at yield

P = point load

P = prestressing force

r, = the square of the radius of gyration

f = flange thickness

T = tensile force

w = uniform load

X = location along the beam measured from the support

X, = constant based on the yield strength of the pre-
stressing strand

Vior = distance from the bottom of the section to the neu-
tral axis

Y, = distance between the neutral axis of the uncracked
transformed section to the extreme fiber in tension

Yiop = distance from the top of the section to the neutral
axis

o = factor for the height of the equivalent rectangular
stress block

a, = proportional factor for the height of the equivalent
rectangular stress block corresponding to C,

a, = proportional factor for the height of the equivalent
rectangular stress block corresponding to C,

0% = neutral axis multiplier

07 = neutral axis multiplier corresponding to C,

Y, = neutral axis multiplier corresponding to C,

midspan

ps

&
psy

top

s =

s &

& &
2 3

un

& &

J)

= neutral axis multiplier corresponding to c,

= deflection for the uncracked region

= deflection for the postcracked region

= deflection for the postyielding region

= midspan deflection

= strain at the bottom of the section

= concrete strain

= strain at maximum compressive stress

= extreme compressive fiber strain

= extreme compressive fiber strain at concrete crushing
= the strain at the compressive flange-web junction
= strain in the prestressing strand

= yield strain of the prestressing steel

= strain in the compression reinforcing steel

= strain at the top of the section

= strain due to the initial tensioning stress in the pre-
stressing steel after losses

= strain due to the decompression of the section at the
level of the prestressing strands

= remaining strain in the prestressing strand required
for strain compatibility

= curvature corresponding to maximum moment

= curvature at the cracking moment location

= initial curvature

= curvature at the nominal ultimate moment location
= curvature for postcracked region

= curvature for postyielding region

= curvature for uncracked region

= yield point curvature

= generic curvature expression for a beam
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Abstract

In this paper, a trilinear moment-curvature response is
assumed to govern the behavior of prestressed concrete
beams with straight strands. The trilinear moment-cur-
vature response is integrated to yield closed-form de-
flection expressions that are useful for analytically as-
sessing the deflections of prestressed concrete flexural
members. To evaluate the key controlling points of the
moment-curvature relationship, the derived procedure
used closed-form and iterative equations to determine
neutral axis locations, moments, and curvatures at the
cracking, yielding, and ultimate levels to define the
trilinear moment-curvature response. To derive the
equations, internal stress analysis was used for the lin-
ear-elastic region upon cracking and strain compatibili-
ty and force equilibrium were used for the postcracked
regions of the response, along with nonlinear material
behaviors. Both strand ultimate strain and concrete
crushing failure modes were analyzed for each cross
section. Previously published experimental data for
six prestressed concrete beams were used to check the
derived short-term deflection analysis procedure. Of
the six specimens, some had moment-curvature graphs
and others had load-deflection graphs that could be
used for comparison to the equations in the proposed
method. The proposed method produced accurate
predictions for moment-curvature and short-term
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load-deflection responses, and it determined deflections
within the postyielding region of the load-deflection
response that are not accurately predicted by methods
in the American Concrete Institute’s Building Code
Requirements for Structural Concrete (ACI 318-19)
and Commentary (ACI 318R-19) or the eighth edition
of the PCI Design Handbook.

Keywords

Closed-form deflection; cracked section; girder;
moment curvature; prestressed concrete girder.
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