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ALAN H. MATTOCKt
The authors are to be congratulated on

an interesting and carefully executed
study.

The writer is fully in agreement with the
authors' contention that concrete strength
is a factor in shear friction strength. It was
omitted from the Modified Shear Friction
Eq. (5) because, at the time that the equa-
tion was proposed, most of the available
test data related to specimens with a con-
crete strength of about 4000 psi (28 MPa).

Subsequently, tests were carried out on
specimens made from 6000 psi (41 MPa)
concrete, and in 1976 the following equa-
tion was proposed:23

v. =4.5f,'°"'4'+0.8{prj',, +a- ,,)psi
* 0.3 f,: psi	 (10)

v a =0.467f 10.s4s +0.8 (pt,f,+ o-) MPa
* 0.3fl MPa

'PC  JOt;RNAL, V. 32, No. 1. January-February
1987, pp. &-S4.
TProlessor of Civil Engineering, University of Wash-
ington. Seattle, Washington.

This equation is compared in Fig. 15
with the data reported in Ref. 23 for ini-
tially cracked monolithic specimens made
of normal weight concrete having an aver-
age concrete strength f.' of 5963 psi (41.1
MPa). It can be seen that the equation rep-
resents the data reasonably well. It also
represents equally well the earlier data3
from tests of lower strength concrete
specimens.

Also shown in Fig. I5 is a line repre-
senting the authors' Eq. (6) for specimens
made of this particular strength of con-
crete. It can be seen that for this series of
specimens, Eq. (6) is a little on the uncon-
servative side. For these eight specimens,
the average value of v„ (test)Iv a (sate.) is
0.93 using Eq. (6) and 1.05 using Eq. (10).
The coefficients of variation are 0.08 and
0.06, respectively.

The authors' equation is substantiated
by careful and extensive statistical analy-
sis. However, the writer prefers the form
of Eq. (10) since this reflects the two most
significant contributors to shear transfer
strength. The first term reflects the resis-

PCI JOURNAL'January-February 1988 	 165



1600
vu

(psi)

1200

800

400

vu = C40.0O7pfy)C4 

C 3 = 15.686f'o.406 •'^^
C 4 = O,Q353fCe 30

ft B = ff/0.85	 J.	 v, = 0.3f,'

VU = 4.5(fcl)0.545 + 0.8efy
/

0	 400	 800	 1200 1600 2000

	

Pv fy	 (psi)
Fig. 15. Comparison with alternative equations of data from tests (Ref. 23)
of specimens made from 6000 psi (41 MPa) normal weight concrete.

tance to shearing off of asperities on the
crack faces, and the second term reflects
the frictional resistance to sliding. It is
proper that the resistance to shearing off
of the asperities should be represented by
a term containing the concrete strength. It
is also proper that the term reflecting the
frictional resistance should he indepen-
dent of the concrete strength.

The writer also believes that an upper
limit to shear transfer strength should be
stated, to reflect the change in behavior of
specimens with very high in which
the initial crack "locks up" and the mode
of failure changes to that of an initially un-
cracked shear plane.

The writer does not propose Eq. (10) for
use in practice, because in 1976 the equa-
tion appeared to be too complex for design
office use. However now that electronic
calculators are so widely available, this
equation could readily be used in practice,

Reference

23. Mattock, A. H., 'Shear Transfer Under
Monotonic Loading, Across an Interface
Between Concretes Cast at Different
Times," Report SM 76-3, Department of
Civil Engineering, University of Washing-
ton. (Part I of Final Report to National Sci-
ence Foundation, Grant No. Eng74-21131.)

S. T. MAU* and THOMAS T. C. HSU1'

The authors have made an important
contribution in expanding the applicability
of the shear friction design formula to the
range of high strength concrete. The pro-
posed formula, Eq. (6), includes two

'Associate Professor, Department of Civil Engineer-
ing. University ot Ftousion.
tProfessor, Department of Civil Enjpneenng, U mver-
sOty of Houston.

166



0.10	 0.20	 0.30	 0.40	 0.50	 0.60

0.4(

0.3(

w	 0.2(

ct) (P v fy / f f )

Fig. 16. Shear strength as a function of the reinforcing index.

parameters, (pvf„) and f!. The form of the
formula is determined by curve fitting the
test data. As a result, it is rather inconve-
nient to use and a design chart must he
provided.

It is our opinion that a more judicious
choice of the parameters should lead to a
simpler formula for design. In studying the
behavior of shear transfer across an ini-
tially uncracked shear plane 24 and the
shear strength of low-rise shearwalls, 2 it
was found that the nondimensional rein-
forcing index ra, defined as p,f„ /f,. is the
dominant factor in the determination of
the normalized shear strength, defined as
v u, lf,' . This is valid when the yielding of
reinforcing steel precipitates the failure.

Even though the shear friction phenom-
enon across a cracked plane may be dif-
ferent from that of the shear failure across
an initially uncracked plane, the interac-
tion between the steel and concrete is
likely to involve the same factor. Thus, a

good correlation could be found between
the normalized shear strength and a single
parameter. the reinforcing index w.

As shown in Fig. 16. the following for-
mula fits the data well:

t.:.a -0.66 \ w-<0.3	 (ii)
.fc

The constant cutoff at high w value is in
the region where the steel does not yield at
failure and is meant to neglect the slight
increase of shear strength with excessive
reinforcement. Note that Eq. (I 1) is based
on standard cylinder strength, f,. The
cube strengths of concrete, f,.,, reported in
the paper were converted to f,. by multi-
plying a factor of 0.85, recommended by
the authors.

Eq. (I l) has been compared to the 88
data points reported in the paper. In the
region where the steel should yield at fail-
ure (v./f,'  < 0.3), the mean value of the
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Fig, 17. Comparison between experimental shear stresses and the recommended
values based on Eq. (11).

test-to-calculated shear strength ratio for
60 specimens is 1.003. and its coefficient
of variation is 0.111. In the region of ex-
cessive reinforcement (v„/f' > 0.3), the
mean value of 28 specimens is 1.058, and
its coefficient of variation is 0.130.

It is seen that the present proposal, Eq.
(II), has the same accuracy as the authors'
formula, Eq. (6), in the practical region
useful for designers. By adopting the same
strength reduction factor = 0.85 as
originally proposed by Mattock,'° the test
data normalized by the design shear
strength are plotted in Fig. 16 as a function
offs.

A comparison of Fig. 17 with Fig. 12
reveals that the present proposal [Eq.
(11) ] is as good as the authors' formula
[Eq. (6) ] in predicting the effect of the
concrete strength. However, the present

proposal has the following advantages: (1)
It identifies a physically meaningful
parameter, the reinforcing index m, as the
single most important factor; (2) The de-
sign formula is dimensionless and easy to
use; and (3) The design formula is in a
form that deviates the least from Mat-
tock's modified shear friction formula,
i.e., Eq. (9).
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Fig. 18. Comparison of authors' and Mattock's equations.

AUTHORS' CLOSURE by
JOOST WALRAVEN,*
JEROME FRENAYt and
ARJAN PRUIJSSERS=

The authors would like to thank Profes-
sors Mattock, Mau and Hsu for their
comments. In both contributions it is con-
firmed that the concrete strength should
be considered in the formulation of the
shear friction capacity.

With regard to Professor Mattock's
comments, it is quite well understood that
in former formulations of the shear friction
capacity the role of the concrete strength

*Professor nt Structural Engineering. Darmstadt Uni-
vereityofTechnology, West Germany.
tResearch Engineer. Delft University of Technology.
The N etherhands.
Research Engineer, Delft University of Technology.

The Netherlands.

was neglected. As shown in Fig. II of the
article, the modified shear friction equa-
tion was already reasonably accurate for
concrete strengths up to f,' = 5000 psi (35
N/mm 2), which covered most of the appli-
cations in former years.

Only in the last ten years has there been
an increased interest in higher strength
concretes. This has resulted in shear
friction tests on high strength concrete
specimens, enabling a new evaluation of
existing shear friction formulas. "The au-
thors endeavored to derive a statistical
expression with optimum accuracy for the
widest possible range of parameter varia-
tion and found this in the power function
represented by Eq. (6) in the article.

Fig. 15 of Professor Mattock's discus-
sion could suggest that this function is
slightly unconservative because the ex-
perimental values represented in this dia-
gram lay below the curve. However, in de-
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veloping the design chart (Fig. 9 in the ar-
ticle). the 5 percent lower bound was used.
Fig. 18 shows that this approach yields
safe results. (The fact that the experimen-
tal values are only slightly above the lower
bound curve could be explained by the
fact that the points refer to tests on inter-
faces between concretes cast at different
times: it is possible that the penetration of
the particles in such a case is less than in a
crack through monolithic concrete.)

The proposal by Professor Mattock to
replace the constant term in the modified
shear friction equation, Eq_ (9). by a term
depending on the concrete strength would
indeed improve the accuracy of this ex-
pression. but would still be too conserva-
tive if compared with the new data for
6000<f < 10000 psi (40<f <70N/mml).
It is, however, apparent that a simplifica-
tion of the statistical expression proposed
by the authors, Eqs. (6) and (7) in the arti-

cle, would be welcome if the same accu-
racy could be maintained.

Professors Mau and Hsu are to be con-
gratulated for finding such an equation.
Their expression:

v =0.66<0.3
Jf

with w = f,, If; is really simple and has an
accuracy which is almost as good as the
more complicated statistical function pro-
posed by the authors (general x = 1.019
and s = 0.127 for Mau/Hsu's equation and
x = 1.001 and s = 0.109 for the authors'
equation in comparison with 88 results).
The expression is therefore certainly a
good alternative for the use of the design
chart.

The constructive comments of the dis-
cussers, pushing the frontier of knowl-
edge, are highly appreciated.

170


