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rviceability, particularly deflection,
is today becoming a more impor-

tant criterion than in the past due to the
utilization of modern design procedures
and the use of high strength materials
which result in slender members more
susceptible to large deflections. This is
especially true in prestressed concrete
applications, particularly when mem-
bers are allowed to develop cracks
under service loads. Cracking could
cause a sizable drop in member stiffness
and increased deflections.

It is difficult to calculate member de-
flections with a high degree of accuracy
even in a controlled testing laboratory.
This is due to the random variations of
some of the contributory factors such as
the concrete modulus of elasticity,
creep, and shrinkage. In field conditions

not only are the variations greater, but in
addition the number of variables in-
crease. Examples are the uncertainties
about levels and duration of loading and
seasonal weather variations_ Calculated
deflection should therefore be viewed
as an "estimate."

Acceptable deflection analysis should
not be highly complicated mathemat-
ically, which would give a false impres-
sion of exactness, nor should it be over-
simplified, which would compound the
probable errors resulting from uncer-
tainties in material properties and
loading variations.

In this paper a simplified approach to
computing instantaneous and long-term
deflections is proposed. The approach
rationally accounts for all the important
parameters, yet it involves certain ap-
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proximations which make it suitable for
manual computations.

Long-term deflection multipliers
based on the Trost-Bazant l •$ aging coef-
ficient are proposed. These multipliers,
unlike those in the current PCI Design
Handbook, are shown to be valid for
various environmental conditions and
when nonprestressed steel is present.

Because prestressing produces de-
flections that are opposite to and often of
the same order of magnitude as the dead
loads, it is important to determine pre-
cise values of the prestressing force.
Further, the presence of nonprestressed
steel tends to restrain creep and shrink-
age of concrete, and its effect must be
included when computing the compres-
sion prestress force in concrete.

Since an accurate computation of pre-
stress losses is necessary, a method is
presented here for their calculation. It
involves a simplification over existing
methods that account for environmental
variations and for the presence of non-
prestressed steel. It is important to note,
however, that the proposed deflection
procedure itself is independent of the
method of prestress loss calculation,
and other loss estimates may be used if
the designer so desires.

The deflection procedure described
herein accounts for possible live load
cracking. Two charts are presented for
rapid evaluation of the cracked section
moment of inertia and centroidal depth.
The charts include the effect which axial
force and the presence of nonpre-
stressed steel have in increasing the
cracked member stiffness. Their use
thus results in avoiding unnecessary
overestimation of live load deflection.

The live load deflection prediction
may further be refined by inclusion of
the stiffening effects of uncrac^Ced con-
crete in the tension zone, the so-called
"tension stiffening." Tension stiffening
is generally accounted for empirically.
Formulas are presented here for adjust-
ment of the cracked section moment of
inertia and centroidal depth. The Euro-

Synopsis
This paper discusses the influence

of creep and shrinkage of concrete,
relaxation of prestressed steel, and
presence of nonprestressed steel on
time-dependent deflection behavior of
prestressed concrete members.

Multipliers are developed for pre-
dicting time-dependent deflections.
Design aids are presented for deter-
mining cracked section properties ig-
noring concrete in tension. Empirical
consideration of the stiffening effects
of concrete in the tension zone is dis-
cussed.

The above factors are integrated
into a simple procedure for deflection
prediction which is suggested as a
modification to the PCI Design Hand-
book. Although application of the
method to precast concrete construc-
tion is emphasized, it is equally appli-
cable to cast-in-place post-tensioned
members. Two numerical examples
are included to illustrate the applica-
tion of the proposed design method.

pean Code method (CEB-FIP, 1978), as
well as other methods of consideration
of tension stiffening, are also discussed.

The proposed method of deflection
calculation is verified with test results
and compared with other methods, in-
cluding that in the PCI Design Hand-
book. Five steps of calculation are pro-
posed and illustrated with numerical
examples.

IMMEDIATE DEFLECTION
OF UNCRACKED MEMBERS

Immediate deflection, or camber, due
to the effects of initial prestressing Pcp

and member self weight is generally
calculated by basic principles of me-
chanics of elastic structures, The value
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Table 1. Formula for midspan deflection of uncracked members.
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If the two end curvatures are not equal, use an average value of the two
curvatures for d,.

Eccentricity to be used Is that of the prestressing steel.

$ Eccentricity to be used is that of the total steel, The term (1 + yC,) is
valid only for deflection at time infinity; for other multipliers see Table 2.

of PC, is equal to the jacking force less
the initial prestress loss due to anchor-
age set, elastic shortening, and relax-
ation loss occurring between jacking
and release time. References 3, 4, and 5
discuss in detail the calculation of P.

A simplified form of calculating P,o is

presented in Appendix A. Curvature at a
section is equal to bending moment di-
vided by the section rigidity, EI; where
E = modulus of elasticity of concrete at
the time of prestress transfer and I =
moment of inertia of the section, which
is simple to determine because cracking
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is commonly not allowed to occur at this
stage.

In most cases, the moment of inertia
may he approximately taken equal to
that of the gross concrete area, I = l. If
there is an unusually large amount of
reinforcing steel present, the accuracy
will be improved by use of the proper-
ties of the transformed section.

The value of P,. includes the com-
pression force picked up by the nonpre-
stressed steel due to elastic shortening
at transfer. However, for simplicity the
location of P assumed to coincide
with that of the prestressed steel, rather
than the exact location of the resultant of
the relatively large tension force in the
prestressed steel and the much smaller
compression force in the nonprestressed
steel.

Standard design aids, such as Fig.
3.9.18 and Fig. 8.1.4 of the PCI Design
Handbook,{ may be used for calculating
the immediate deflection of uncracked
members. Table I of the present paper
includes a deflection formula which,
when used for initial prestress camber,
should yield identical results to those
given in Fig. 3.9.18 of the PCI Design
Handbook for straight, single-point de-
pressed, and two-point depressed ten-
dons. The Table 1 formula is also useful
for other cases including prestress loss
deflection as will be discussed in a sepa-
rate section.

IMMEDIATE DEFLECTION
OF CRACKED MEMBERS

Discussion of the behavior of cracked
prestressed members follows.

Cracked Section Properties

Two facts about the geometric prop-
erties of cracked prestressed concrete
members should be clearly understood.

1. Prestressed concrete flexural
members are different from reinforced
concrete members in that prestressed

members are simultaneously subject to
both axial force and bending moment.
The axial f rce may be sufficiently high
to permit no cracks orextremely low that
the member behaves as a conventionally
reinforced member. Therefore, for a
given bending moment at a section, the
moment of inertia varies from the gross I
to the cracked I of a conventionally re-
inforced section depending on the mag-
nitude of the prestressing force.

2. Furthermore, the neutral axis
which is located at the bottom of the
concrete compression zone (assuming
positive bending moment), does not
coincide with the centroid of the trans-
formed cracked section when an axial
force exists. For example, when the axial
force combined with the bending mo-
ment produce zero stress at the bottom
fibers, the neutral axis will be located at
the bottom edge ofthe section while the
centroid is, obviously, much higher. The
moment of inertia must be determined
about the centroidal axis of the cracked
section and not the neutral axis.

Detailed discussions of the computa-
tion of I, may be found in Refs. 6 to 12.
Jittawait" developed formulas for the
centroidal axis depth, y r„ and the
cracked moment of inertia, I. They
were developed using the commonly
adopted assumptions of linear stress
distribution and simple equilibrium re-
lationships, in a way similar to the
treatment of conventionally reinforced
concrete columns, subject to combined
axial force and bending.

Figs. I and 2 are approximations of the
exact formulas. A program written for
the Hewlett Packard microcomputer,
and available from the Prestressed Con-
crete Institute," may be used to obtain
more exact values of the cracked section
properties as well as stresses before and
after cracking.

The empirical equation;

I TT = 1	 s ^ P (1 — Ir pp )	 (1)

given in the PCI Design Handbook is
based on a report by the PC I Committee
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on Allowable Stresses.' 3 The formula is
simple and appears to give reasonable
results in the absence of nonprestressed
steel, and when the effect of axial load is
minor. Naaman 9 has suggested the fol-
lowing modified version which accounts
for the two types of steel in the section:

z +	 /,rz)Icr = nnsAve ^A.9 T NAB"'!

{ 1 – p, Pe	 (2)

The subscripts ps and s refer to pre-
stressed and nonprestressed steel, re-
spectively. The symbols n, A, and d are,
respectively, modular ratio, steel area,
and its effective depth. The parameter p
is the ratio A/bd, where b is the width of
the compression face of the member.

Moment-Curvature Relationship

The moment-curvature relationship
for a conventionally reinforced cross
section is illustrated in Fig. 3. The fig-
ure also shows the relationship for the
same section if it were prestressed. Both
relationships were prepared by the
computer program given in Ref. 10 for
the cross section given in Example 1. In
order to understand the cross section
behavior, it will be initially assumed
that, upon cracking, concrete is incapa-
ble of resisting any tension. A moment,
M. larger than the cracking moment,
M.r, produces curvature:

/cr = (M a —Pe,.,)«cicr 	 (3)

where P is the prestress force, and e cr is
its eccentricity relative to the centroid
of the cracked section. (Sign conven-
tion is given in Appendix B.) For the
conventionally reinforced section, P = 0
and I,.,. is constant. Therefore, the M – 0
diagram is a straight line passing
through the origin point. The drop in
rigidity due to cracking is represented
by the horizontal line at the Me,. level.
For the prestressed section, both I,, and
y cr(and in turn e,.) are dependent on the
loading level (see Figs. 1 and 2). Thus,
the M – ¢ relationship is nonlinear.

It is important to note that the shift in
the centroid of the cross section upon
cracking, results in larger prestress force
eccentricity, a , than the uncracked
member eccentricity. This is particu-
larly significant in prestressed flanged
members, such as the commonly used
double tees which are characterized by
relatively low steel area ratio, p. For
these members, ignoring the increase in
eccentricity upon cracking as implied in
Refs. 14 and 15, could result in signifi-
cant overestimation of deflection. 16

Because concrete tensile strength is
not zero, cracking does not extend to the
neutral axis as assumed in standard
cracked section analysis. In addition,
uncracked concrete which exists be-
tween cracks in the tension zone, con-
tributes to the stiffness of the member.
These effects are often called "tension
stiffening." If tension stiffening is ac-
counted for, the M – 0 diagram be-
comes continuous as indicated by the
bold lines in Fig. 3. Empirical consid-
eration of tension stiffening is discussed
below.

Tension Stiffening

The following empirical equation is
proposed here for the effective moment
of inertia, I e to be used in calculating
curvature:

J' = ''1+(1 = 	 ,  	 – R 4) Icr	 (4)

with

1i = fr(f,	 (5)

where fr is the modulus of rupture of
concrete and frm is the stress at the ex-
treme tensile fiber assuming no crack-
ing.

Eq. (4) performs an interpolation be-
tween I, ant' I cy. Note that, in practical
applications, f, cannot reach infinity.
Therefore, IP is always larger than Icy,
where I cr is the moment of inertia of the
transformed section ignoring concrete in
tension.

120



GRAVITY LOAD
MOMENT

SERVICE LOAD M a -

	

CRACKING	 Mcr

M = M o = 0

GRAVITY LOAD
MOMENT

SERVICE LOAD Md

	

CRACKING	 MCI

DECOMPRESSION Mo
M = Pecr

	M	 = Pe'
M = Pe

A — TENSION STIFFENING INCLUDED
8 — TENSION STIFFENING IGNORED

M

oe ce
I' is cracked moment of inertiae
considering tension stiffening,
"effective I"

A

0e	 0cr
CURVATURE

(a)

A

^g

I
M a – Pe'

^e	 Ec I'e
E
c g
I
 e' is eccentricity of

prestress considering
tension stiffening,
"effective e'^

M = 0

0	 Oe Ocr
CURVATURE

(b)

Fig. 3. Effect of tension stiffening in moment vs. curvature relationship:
(a) Conventionally reinforced section; (b) Prestressed section.
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For prestressed concrete sections, it
can be shown that:

(frlftm) _ (M,.,. – M0)!(M8 – M^) (6)

where M. is the decompression moment,
defined as the moment which would
cause the stress to become zero at the
extreme precompressed fibers. 10 Eq. (4)
is an extension of the original Ie equa-
tion developed by Branson 17 for con-
ventionally reinforced sections.

To determine the change in eccen-
tricity after cracking, it is here suggested
to employ the same interpolation ratio R
to calculate an effective centroidal dis-
tance.

y e =R4y 0 + (I – R4) y n.	 (7)

where y e, y o , and y,,, are the effective,
uncracked, and cracked (with tension
stiffening ignored) section centroidal
distances to the extreme compression
fibers (top surface in simple beams).

The values of I e and y e for various
sections along the member length are
then used to calculate the curvatures at
these sections. Eq. (3) may be used for
this purpose with Ie replacing I,,. and
(d r, — Ye) replacing err.

Another way to account for tension
stiffening in reinforced concrete mem-
bers is to interpolate between the cur-
vatures 0g and (Acr of uncracked and
cracked section instead of interpolation
for section properties. 18•' e The actual
curvature:

0 = R, 0a +(1 –R 1) 0e,.	 (8)

where R, is coefficient of interpolation:

R I = 1,,82 (f,r lf8) p 	 (9)
The symbols fr and f, are stresses in

the bottom steel in the cracked condi-
tion due to M,,. and M., respectively,
combined with the prestress force; Q, =
1 for high bond bars and = 0.5 for plain
bars, respectively; p2 = 1 for first load-
ing and = 0.5 for loading applied in a
sustained manner or for a large number
of load cycles.

Trost2tl accounts for tension stiffening
by interpolation between deflection
values 8. and 5, r of uncracked and
cracked structures:

8 =R, + (1 –H 2) Se,	 (10)

The interpolation coefficient:

R 2 =(Mn –Ma ) ? !{M„–Mcr) 2 (11)

where M. Ma , and M moments, re-
spectively, corresponding to the theoret-
ical (nominal) strength, applied loads,
and cracking load.

It is possible to analytically account
for tension stiffening assuming an ap-
propriate stress-strain relationship of
concrete in tension. For example, the
"strain softening” computer model by
Bazant and Ohl, was reported to yield
satisfactory results for conventionally
reinforced beams. It should be possible
to extend application of the same model
to prestressed members.

Eqs. (8) and (10) appear to represent
more direct approaches to tension stiff-
ening consideration than do Eqs. (4)
and (7). A study is needed to correlate the
various interpolation methods with ex-
perimental results, especially on beams
with practical dimensions and rein-
forcement content. The study should
determine the method that offers the
best compromise of accuracy and sim-
plicity. Until then, consideration of this
somewhat secondary effect, on pre-
stressed concrete member deflection,
may be done by any of the available
methods.

Calculation of Deflection
from Curvature

Numerical integration of the curva-
ture may be used to obtain the deflec-
tion by any of the well known structural
analysis methods, e.g., conjugate beam,
moment area, or Newmark's integration
technique.

Consideration should be given to the
influence of tendon profile on curvature
variation along the member, especially
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Fig. 4. Example of curvature distribution due to load combined with
prestress in a cracked member with one-point depressed tendons:
(a) Beam elevation; (b) Curvature due to total load plus prestress;
(c) Live load curvature.

when one-point depressed tendons are
used. Fig. 4 shows that, for this type of
member, the most critical section is near
0.41 rather than midspan.

Two more observations could be
made from Fig. 4. First, it is conserva-
tive to ignore tension stiffening for pre-

liminary deflection estimates. Secondly,
the curvature of simply supported pre-
stressed members can reverse sign in a
similar manner to continuous rather
than simply supported reinforced con-
crete members.

Methods of averaging I e for the entire
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span of simply supported reinforced
concrete beams, such as Eq. (9.7) of ACI
318-83, are not applicable to prestressed
members, without due consideration of
the curvature reversals and the rela-
tively small cracked portion of the span.

It is recommended that curvatures be
computed only at key sections along the
span, and integrated to obtain deflec-
tion. As shown in Fig. 4c, and Example
1, a good estimate of the live load de-
flection of simply supported members
with one-point depressed tendons can
be found, in terms of the curvatures at
the 0.41 and midspan sections by the
following simple formula:

=5 l4 	 00.4111 41 96	 (12)

Eq. (12) is based on the assumptions
that the live load curvature at member
ends is zero, and that the curvature dis-
tribution is approximated as a parabola.

As mentioned before, cracking ren-
ders the problem nonlinear. Live load
deflection cannot be obtained indepen-
dently of consideration of dead load and
prestress. First, curvatures due to total
load plus prestress must be obtained,
then those due to dead load plus pre-
stress, using the geometric properties
corresponding to each load level. The
difference between the two quantities
yields the live load curvatures to be
used in Eq. (12).

TIM E-DEPEN DENT
DEFLECTION

The time-dependent deflection is de-
fined as the part of the deflection caused
by creep and shrinkage of concrete and
stress relaxation of the prestressing
steel. Concrete creeps under prestress
and sustained loads. This creep causes
continual increase in camber or deflec-
tion. In the meantime, creep and shrink-
age of concrete and stress relaxation of
prestressing steel cause prestress loss
which may be visualized as a negative
increment of prestress.

The prestress loss, thus, contributes to
the deflection of the member. In fact, it
is an important contributor since the
prestress in many applications "bal-
ances" a large portion of the dead load.
It has been shown in a typical beam ex-
ample, that computed deflection varies
from 0.2 in. (downwards) to –1.6 in.
(upwards) depending on the method of
considering the prestress loss deflec-
tion. 12

The total long-term deflection is
therefore equal to the algebraic sum of:

(a) Creep deflection due to sustained
load

(b) Creep camber due to prestress,
the prestress force being assumed
constant and equal to its value at
transfer

(c) Prestress loss deflection
The deflections in items (a) and (h)

above are simply equal to the immediate
value at load application multiplied by
creep coefficient of concrete, which is
defined as the ratio of creep strain to in-
stantaneous strain clue to a constant
sustained stress. Its value is sensitive to
such factors as the relative humidity and
temperature of the surrounding air, the
concrete age at loading, and the creep
period since loading. It also depends on
the concrete mix and curing method,
and on member size.

Long-term deflections can be deter-
mined using prediction methods such as
those reported in Refs. 18 and 23. For
average conditions and in the absence of
more accurate information a value of the
ultimate (in time) creep coefficient C„ _
1.88 is suggested in Refs. 4 and 23.

The creep coefficient is a function of
concrete age at time of loading, and of
loading duration. Introducing correction
factors to C. gives: creep coefficient Ca
= 0.96 for age at loading 1 to 3 days and
load duration 40 to 60 days; C,; = 1.5 for
age at loading 40 to 60 days and infinite
duration. Erection of the member and
application of superimposed dead loads
is assumed to occur 40 to 60 days after
release.
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Table 2. Proposed time-dependent multipliers
(time-dependent S = elastic 8 x multiplier).

A B C =B–A
Erection time Final time Long term

Load
condition Formula Average • Formula Average* Formula Average*

Initial
prestress 1 + C a 1.96 1 + C. 2.88 C1— C. 0.92

Pro

Prestress 1 — aa+ X
loss a.(1 + NC,) ]..00 1 + xC„ 2.32 (C„ — ca,C a ) 1.32

Member
weight i + Ce 1.96 1 + C. 2.88 Cy — C a 0.92

Superimposed
dead load s 0 0 1 + C„ 2.50 1 + C, 2.50

Superimposed
dead loads 1.00 1.00 1 + C. 2.50 C,; 1,50

• Assuming: Ca = 0.96, C, = 1.88 and C. = 1.50, x = 0.7 and a„ = 0.6 which
approximately correspond to average conditions with relative humidity =
70 percent, concrete age at release = 1 to 3 days and erection at 40 to 60 days.

t Applied after nonstructural elements are attached to member.

t Applied before nonstructural elements are attached to member.

The presence of prestressed or non-
prestressed reinforcement in a cross
section restrains creep and shrinkage of
concrete. However, creep deflection
due to Causes (a) and (b) above are cal-
culated as the product of C and the in-
stantaneous deflection, using the prop-
erties of the concrete section without
reinforcement. The restraining effect of
the reinforcement is accounted for in
Item (c). An alternative approach
adopted in Ref. 19 is to use a reduction
multiplier to the creep coefficient to ac-
count for the restraining effect of steel.

Martin e' has proposed applying mul-
tipliers to the elastic deflections in order
to obtain long-term deflections of pre-
cast members. This approach greatly
simplifies the calculations, and is fol-
lowed herein. Presented in Table 2 are
the proposed formulas for the time-de-
pendent multipliers.

Stress due to prestress loss is grad-

ually introduced, and thus should pro-
duce less creep compared to a stress in-
troduced in its entirety at one instant
and sustained thereafter. For this rea-
son, the multiplier x C is used in Table 2
in lieu ofC to calculate creep deflection
associated with prestress loss; where x
is a value less than unity called the
"aging coefficient" to be further dis-
cussed below.

PRESTRESS LOSS
DEFLECTION

A valid prediction of deflection, due
to loss of the compressive force in con-
crete, AP,, is dependent on the accuracy
of the magnitude of that prestress loss.
There are several methods that can be
used in arriving at a value for prestress
loss. The reader may refer, for example,
to reports by Zia et al., E5 the PCI Corn-
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mittee on Prestress Loss,' Tadros et
al., s -n and the CEB-FIP Model Code.'B
It should be noted that the deflection
procedure presented herein is indepen-
dent of the method chosen for estimat-
ing the prestress loss. However, if non-
prestressed steel is present, it should
not be ignored in calculating the pre-
stress loss, AP,.

A method of prestress loss calculation
is presented in Appendix A. It is a sim-
plified form of the procedure given in
Refs. 5 and 22, which was found by
Curlitz r6 to he in close agreement with
test results in comparison with several
other prediction methods. One simplifi-
cation of the method is replacement of
the recovery parameter by the aging co-
efficient, x.1.2

Both parameters introduce the creep
effects of the continually varying
stresses caused by prestress loss. They
employ numerical integration of as-
sumed stress-time and creep-time func-
tions. For the same time functions, both
parameters should yield the same re-
sults. The aging coefficient, however, is
simpler to use and is gaining wide ac-
ceptance in Europe."'

A second simplification adopted in
Appendix A is replacement of the relax-
ation reduction factor chart s by a simple
formula. This has a somewhat secondary
effect and use of an approximation for
the reduction factor should have a minor
effect on the prestress loss accuracy.
The procedure in Appendix A is pre-
sented in steps similar in format to the
simple steps given by Zia et al. 2 and by
AASHTO. Er Yet it is more general in that
it includes the effects of the presence of
nonprestressed steel and allows for flex-
ibility in selecting material properties.

Once the magnitude of prestress loss
AP, is determined, the associated de-
flection may be calculated by an equa-
tion given in Table 1, which assumes
parabolic variation of curvature due to
APE . It is sufficient to determine AP at
0.41 for members with one-point de-
pressed tendons or at midspan for other

cases and to consider that A P, is con-
stant over the member length.

The value of the aging coefficient
ranges between 0.6 and 0.9. For 1 to 3
day load application, as is common for
precast members, an approximate value
of x = 0.7 may be used (see Ref. 28). For
loading applications at a later concrete
age x is larger. However, for the sake of
simplicity and since x affects only the
prestress loss deflection it is proposed
that a value x = 0.7 be used.

To account for the difference in the
magnitude of prestress loss at erection
and final prestress loss the coefficient a,,
is introduced in Table 2. It is the ratio of
the time-dependent loss at erection to
final prestress loss. It may be taken ap-
proximately equal to 0.6 for average en-
vironmental conditions, and for erection
at 40 to 60 days after release.

The prestress loss force AP, is as-
sumed to act at the centroid of the pre-
stressed and nonprestressed steel. Thus,
the effect of the cross-sectional area of
the nonprestressed steel and its location
in the section on the deformation, are
accounted for in the proposed method.

PCI DESIGN
HANDBOOK METHOD

Table 3.4.1 of the PCI Design Hand-
book e gives suggested multipliers as a
guide to estimating long-term deflec-
tions for typical members. These multi-
pliers were derived by extending the
factor in Section 9.5.2.5 of ACI 318-77 to
include the effect of prestress, the
time-dependent loss of prestress, and
the strength gain of the concrete after
prestress release.24

Examination of the method reveals
that the environmental condition the
member is subject to has been taken
constant regardless of the geographic lo-
cation, although it is known that mem-
bers subject to a dry environment such
as Arizona (USA) or Alberta (Canada)
could exhibit a considerably larger
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Table 3. Comparison of proposed average time-dependent multipliers and PCI Design
Handbook multipliers.

Erection Final

Proposed PCI Proposed PCI
method method method method

C, Cs* C1 C2

A,IA a, A,IAp, A,IA p„ A,IA,Load ]P IP  OP^IP,. A- P,/P,, APIP,,

conditions =0.15 =0.35 =0 =2 -0.15 =0.35 =0 =2

Initial
prestress P o 1.96 1.96 - - 2.88 2.88 - -

Prestress
loss AP, 1.00 1.00 - - 2.32 2.32 - -

Initial prestress
less prestress
loss 1.811 1.611 1.80 1.27 2,53$ 2.07t 2.4.5 1.48

Member weight 1.96 1.96 1.85 1.28 2.88 2.88 2.70 1.57

Superimposed
dead load 1.00 1.00 1.00 1.00 2.50 2.50 3.00 1.67

C. = 	 + A, /A P, 
fnj,o PCI Design Handbook.

I + A,JA,

Calculated from 1.96 - 1.00 App l
Pie

$ Calculated from 2.88 - 2.32 AP`}
P,.,

creep than those built in a more humid
environment such as Florida (USA).

A comparison of the PCI Design
Handbook multipliers and those in
Table 2 shows that the multipliers are
comparable if environmental conditions
are average and if nonprestressed steel
is not present (see for example Table 3).
One exception is the multiplier for the
superimposed dead load deflection at
final time (2.50 versus 3.00). It would
seem reasonable to have a relatively
small multiplier for the case of superim-
posed dead load which is applied later
than the load due to member weight.

The PCI Design Handbook provides a
reduction factor, to be applied to the
time-dependent multipliers in order to
account for the presence of nonpre-
stressed steel, as shown in Table 3. The
reduction factor is a function of

and is applied in the Handbook to both
camber due to prestress and deflection
due to gravity loads. It is based on a
study by Shaikh and Branson 25 of mem-
bers that exhibited camber under pre-
stress combined with dead load. The
factor was later adopted by ACI Com-
mittee 435 30 for camber reduction only.

The accuracy of the correction factor,
as given in the Handbook, is question-
able for two reasons. First, the location
of the nonprestressed steel is as impor-
tant as its area in determining its influ-
ence. Bottom nonprestressed steel re-
strains creep and shrinkage of the sur-
rounding concrete, relative to the top fi-
bers and, therefore, contributes an in-
crease in net time-dependent downward
deflection (or reduction in net camber).
Secondly, the reduction factor does not
relate the steel area to the concrete area
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Table 4. Test beam details.

Beam Beam Tension

Prestressed
steel

Nonprestressed
steel

Total
area,

Prestress
force at
release,

Super-
imposed

dead
load.Amount, Area, Amount, Area,

No. type zone in. in.' in. in., in. 5 kips lb/fl

B-I Fully Un-
pre- cracked
stressed 1 – 0 ?4s 0.108 — — 0.108 19 100

B-2 Partially Un-
pre- cracked
stressed 2 –	 3/a 0.160 1 --	 ^ 0.080 0.240 12.5 100

0-3 Partially Cracked
pre-
stressed 1- 4,% 0.080 2- 0 e 0.160 0.240 6.3 150

B-4 Rein- Cracked
forced — — 1 – 0 7/ 0.100 0.108 0 50

Notes:
1. A]] hea,ns are simply supported, spar = 14 ft, and cross section = 6 x8 in.
2, All tendons are seven-wire stress-relieved strands, f, = 250 ksi.
3. Specified ultimate strength of concrete at age 28 days, (f. ).,w = 5000 psi.

restrained by its presence.
It is interesting to note that this latter

point is applicable to the effect of com-
pression reinforcement A; in conven-
tionally reinforced members. For these
members, the deflection reduction fac-
tor which was originally given in terms
of (A;/A,), where A, is the tension steel
area, has recently been changed to a
more rational factor, in terms of (A R/bd).
See the ACI 318-83 Code, Section
9.5.2.5.

The need for an empirical reduction
factor is eliminated in the proposed pro-
cedure by rationally accounting for the
presence of nouprestressed steel in the
magnitude and location of the prestress
loss APr . Table 3 gives a comparison of
both the proposed procedure and the
PCI Design Handbook multipliers for
two cases.

The first case is when A, = 0, and
APr /P,o is assumed = 0.15 as implied in
the Handbook multipliers. Addition of
nonprestressed steel of areaA, = 2 A,, at
the same level as the prestressed steel

roughly increases the prestress loss to
AP,= 0.35P,o.

It may be noted in the comparison,
that in the one case where the Hand-
book reduced multiplier is appropriate
(because it reduces camber), the correc-
tion appeared excessive (2.45 versus
1.48). This confirms Gurlitz' findings&
that, for test beams with A,/A P, values in
excess of 2, the correction was exces-
sive.

As indicated earlier, provision of non-
prestressed mild steel generally in-
creases the overall flexural stiffness of
the member since a relatively large mild
steel area would be needed to substitute
for stronger prestressing strands. The
elastic deflections are thus reduced, cor-
responding to an increase in the trans-
formed moment of inertia.

This effect is often neglected if the
member is uncracked since I Q is usually
used in lieu of the uncracked trans-
formed section moment of inertia. How-
ever, the effect of nonprestressed steel
on I,r is much more pronounced, as in-
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dicated by Eqs. (1) and (2), and should
be taken into account. This is discussed
further in Example 2.

SUPPORTING TEST DATA
Testing was conducted s to study de-

flection behavior of four simply sup-
ported beams of equal rectangular cross
section, span length, and steel eccen-
tricity. The beams ranged from fully
prestressed to conventionally reinforced
(see Table 4). Deflection was measured
under dead load, sustained for a period
of 180 days, as well as instantaneous
load.

Measurements were also taken of
creep, shrinkage, and strength devel-
opment with time. Comparison between
test results and values predicted by the
proposed method indicate a close
agreement as represented by Fig. 5.
Details of the experiment may be found
in Ref. 8.

PROPOSED
CALCULATION STEPS

The following is a summary of the
steps to be followed to determine de-
flections in accordance with the pro-
posed method. To simplify the organi-
zation of data, it is suggested that values
be arranged in a chart form, such as that
shown in Table 5.

1, Estimate the prestress loss using
the procedure outlined in Appendix A.

2. Determine instantaneous deflec-
tions due to initial prestressing force,
prestress loss, member weight, and su-
perimposed dead load, using properties
of uncracked concrete section without
reinforcement. Table 1 or another de-
sign aid may be used.

3. Using multipliers from Table 2,
determine time-dependent effects on
deflection in Step 2. This will result in
elastic-plus-creep deflections at "Erec-
tion Time," and at time infinity "Final
Time," as well as- the difference be-

Total deflection, inch

-0.8

#0.6
	 Observed

4-04	 j- -	 -•	 ^- Y —_—•._^ Calculafed — —.^.^----

+0.2

20	 40	 60	 80	 100	 120	 i40	 160

Age after loading, days

0.2

Camber, inch

Fig. 5. Total time-dependent deflection of Test Beam B-3.
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Table 5. Deflection chart (Example 1).

Load condition

A B C D E=1)-C:

Elastic

S

Release

8

At erection Final "ultimate" Long-term

Multi-

plier
S Multi-

plier
S Multi-

plier
6

Initial prestress -3.23 -3.23 1.96 -6.33 2.88 -9.30 0.92 -2.97

Prestress loss 0.84 - 1.00 0.84 2.32 1.95 1.32 1.11

Member weight 3.00 3.00 1.96 5.88 2.88 8.64 0.92 2.76

Superimposed

dead load* 0.48 - - - 2.50 1.20 2.50 1.20

Live load 2.73 - - - - 2.73 - 2.73

Total - -0.23 - 0.39 - - - 4.83

*For this example, the superimposed dead load is assumed to be fully applied after nonstructural
elements are attached to member.

Note: Deflection is in inches. 1 in. = 25.4 nim.

tween deflections at these two times
which is labeled "Long Term." See
Table 5 for illustration.

4. If the member cracks under full
service loads, determine the cracked
section properties from Figs. 1 and 2 and
the cracked member live load deflec-
tion. If the total deflection, computed
thus far, satisfies the design limitations,
i.e., ACI 318-83, Table 9.5b, the de-
signer may elect to terminate the calcu-
Iations. Otherwise, a refined value for
the live load deflection may be obtained
from Step 5.

5. If the member is cracked, concrete
tension stiffening effects may be em-
pirically taken into account using inter-
polation Eqs. (4) and (7), or another
means.

NUMERICAL EXAMPLES

EXAMPLE I
Calculate the central deflection of a

partially prestressed simply supported
beam shown in cross section in Fig. 6.

One-point depressed pretensioning
tendons are used as shown in Fig. 4. As-
sume span = 70 ft. Other data are:

Concrete Properties
fi = 3,500 psi
f, = 5,000 psi
fr = 530 psi
E r a = 3,587 ksi
E, = 4,287 ksi
Creep coefficients:
C a = 1.88,C= = 1.50
Free shrinkage, E g g,,, = 560 x 10-e

Prestressing Steel

Ten ! -in, diameter, 270 ksi stress
relieved strands
e, = 13.40 in., ee = 3.79 in.
f, = 189 ksi
A 92 = 1.53 in. 2, Ep„ = 28,000 ksi
Intrinsic relaxation, L r = - 16.1 ksi

Nonprestressed Steel

Two #8 bars, e = 15.15 in.
A, = 1.58 in. 2, E, = 28,000 ksi

Section Properties
A. = 401 in. 2, 19 = 20,985 in.4
yb = 17.15in.,yt=6.85in.
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8'-0"	 _ _f -H
--1	

53/4r 2"

:..	 24„

4'-0"

-	 33/4"

Fig. 6. Cross section of beam of Example 1.

Gravity Loads

Member dead weight = 418 plf
Superimposed dead load =80 plf
Live load =200 plf

Solution
Moments at midspan: M d = 3,072 in.-
kips, M, = 588 in.-kips, and M, = 1,470
in.-kips. Moments at 0.41: M d = 2,949
in.-kips, M. = 564 in.-kips, and M, _
1,411 in.-kips.

Step 1 - Ultimate Prestress Loss, .Pr,
at a Section 0.41 From Support
Eccentricity of A,, at 0.41:

e p, = (0.8) (13.40) + (0.2) (3.79)
= 11.48 in.

This corresponds to a total steel area
eccentricity:

=n (11.48) (1.53) + (15.15) (1.58)e, 
1.53 + 1.58

= 13.34 in.

With an initial estimate of Pro = 0.9 P,
= 260.3 kips, Eq. (A2) yields:

260.3
+
 (260.3) (11.48) (13.34)It,.  = 401	 20,985

_ (2,949) (13.34) 
= 0.674 ksi

20,985

Eq. (A1) yields the corresponding

elastic shortening loss, using:
o f = 28,000/3,587 = 7.81,
ES = (7.81) (0.674) = 5.3 ksi

Thus,
f = f„$, - ES = 189 - 5.3 = 183.7 ksi

and ffp = - 5.3 ksi.
An improved value of P,., may be

found from Eq. (A3):
P,. = (183.7) (1.53) + (-5.3) (1.58)

= 272.7 kips
A second iteration gives:
fe,. = 0.795 ksi and P,. o = 269.9 kips.
These two values are used in further

calculations.
By substitution into Eq. (A5) with:

n tA„IA Q = (7.81) (3.11)/401 = 0.0606,
(1 + e 2 /r2 ) =

1 + (13.34)2 (401)/20,985 = 4.40,
and (I + xC„) = 1 + (0.7) (1.88) = 2.32,
the coefficient:

K = [1 + (0.0606) (4.40) (2.32)]-'
= 0.618

Eq. (A4) gives the shrinkage loss:
SH = (0.618) (560 x 10) (28,000)

= 9.69 ksi
The creep loss [Eq. (A6)), with:
f^JF = (- 564) (13.34)120,985

-0.359 ksi
gives a value of:

CR = (0.618) [(7.81) (1.88) (0.795) +
(6.53) (1 + 1.5) (-0.359)]

= 3.59 ksi
Eq. (A8) yields a relaxation reduction

factor:
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^=1- 3(9.69 + 3.59)
18.3.7

= 0.783

Thus, the relaxation loss, using Eq.
(A7):

REL = -(0.783) (0.618) (-16.1)
= 7.79 ksi

The total time-dependent loss of
compression in concrete, using Eq. (A9):

AP, = -(3.11) (9.69 + 3.59)
- (1.53) (7.79)

= -53.2 kips

Step 2- Immediate Deflection

According to Table 1, the curvature
due the initial prestress, P^.o , atmidspan:

_ (269.9) (13.4)
& _	 (3,587) (20,985)

_ -4.81 x 10- 5 in.-1

Similarly, the end section curvature:
6P = -1.36x10-' in.-'

and the midspan deflection:

S = [_4.81___]
(840)Z 1

[81
-+1.36) {840)2]10-s

= -3.23 in.

The immediate self weight deflection
(using E,i ) can be found in a similar way
to he = 3.00 in. The superimposed dead
load deflection (using E^) is 0.48 in.

Step 3 - Time-Dependent Deflections
The force AP, develops gradually

between prestress release and time in-
finity. The change in curvature at any
section during this period is:
( A PCeIMIE<<I.) (1 +

The first term, A P, e 1E 1 I, represents
the curvature which would instanta-
neously occur if the entire value of AP
were applied at prestress release. The
values of this hypothetical "elastic" cur-
vature at midspan and at the ends are:
1.01 x 10- ' and 0.68 x 10- s in.-'

These values reflect the assumption

that OPT, is located at the centroid of the
combined steel area. The corresponding
midspan and end eccentricities are
14.29 and 9.56 in. The "elastic" deflec-
tion, due to A P, according to Table 1 is
0.84 in.

The multiplier (1 + xC q ) = 2.32 is
then applied to the elastic value to give
ultimate deflection due to prestress Ioss
= 1.95 in. Assuming a s = 0.6 and C. =
0.96, the deflection at erection time (see
multipliers in Table 2) is:

0.6(1+0.96)0.84=0.99 in.
The time-dependent deflections due

to initial prestress, dead load, and su-
perimposed dead load are obtained by
applying the appropriate multipliers,
according to Table 2, to the above cal-
culated immediate deflections. The re-
sults are shown in Table 5.

Step 4 - Immediate Live Load
Deflection

The bottom fiber concrete stress at the
0.41 section using uncracked section
analysis, due to full load moment of:
2,949 + 564 + 1,411 = 4,924 in.-kips
and effective prestress:
P.,. = 269.9-53.2=216.7 kips
can be calculated:

216.7216.7 (11.48) (17.15
f"m = 401 +	 20,985

_ 4,924 (17.15) 
= _1,451 ksi

20,985

This tensile stress is in excess of the
modulus of rupture, indicating cracking
of the member. The cracked section
properties may he found from the charts
in Figs. I and 2, given the following pa-
rameters:

Pdp,/M = (216.7) (18.33)14,924 = 0.81,
rip = (6.53) (3.11)1(96) (20.2) = 0.010,
h,,,lh=9.5196=0.1, and
h,ld=2120.2=0.1.
Note here that the decompression

force is taken approximately equal to the
effective prestress force, and that the
depth d is to the centroid of the total
steel area.

Fig. 1 yields:
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y,, = (0.143) (1.1) (20.2) = 3.18 in., and
I,T = (0.11) (1.02) (96) (20.2)x/12

- 7,400 in.4
The curvature due to full load plus

prestress, at 0.41, using Eq. (3):

4,924 - (216.7) (18.33 - 3.18)- 
(4,287) (7,400)

=5.17x10-5 in.-'

The live load curvature is equal to this
curvature less the curvature produced
by dead load plus prestress (using un-
cracked section properties).

,,a, 	 5.17 x 10-s

_ 3,513 - 216.7 (11.48)
(4,287) (20,985)

= 4.03x10-5 in.-'

Similarly, the live load curvature at
midspan = 3.45 x 10- 1 in.' Using Eq.
(12), an estimate of the live load deflec-
tion can be made:

8 = 5 [3.45 + 4.03] (10) '(840)1
96

2.75 in.

Step 5 — Consideration of Tension
Stiffening

Improved results may be obtained by
empirical consideration of concrete ten-
sion stiffening. One of the methods dis-
cussed in this paper may he used. For
this example, Eqs. (4) and (7) are used
to calculate adjusted "effective" mo-
ment of inertia and centroidal depth.

At 0.41:
R = (0.530/1.4.51) = 0.02,
1, = 0.02(20,985) + 0.98(7,400)

= 7,670 in. 4, and
y e = 0.02 (6.85) + 0.98(3.18) = 3.25
The corresponding total load curva-

ture [Eq. (3)] is 5.04 x 10-5 in. - 1 and the
live load curvature is (5.04 - 1.14)10-5
in.-' = 3.9 x 10- 5 in,-'

Similarly, the midspan live load cur-
vature is 3.32 x 10-b in.-' and the corre-
sponding live load deflection = 2.65 in.

Further improvement of the accuracy
will result from computing the curva-
tures at short intervals, and then numer-

ically integrating these curvatures over
the span length. This refinement results
in a live load 8 = 2.73 in. A summary of
the deflections of the beam is given in
Table 5.

The calculated live load deflections is
about 1/300. This is slightly larger than
the limit of (1/360) set by the ACI 318-83
Code for floors not supporting or at-
tached to nonstructural elements likely
to be damaged by large deflections. The
member would be satisfactory in similar
roof construction (with 8,„ar = 11180) but
not in construction requiring attachment
of nonstructural elements, due to the ex-
cessive long-term deflection (4.83 in. >
1/240 = 3.50 in.)

EXAMPLE 2

In this example, comparison is made
between three beams in order to illus-
trate the influence of prestressing level
and of presence of nonprestressed steel.
Table 6 gives the difference in prestress
force and reinforcement in the three
beams. Note that Beam A is identical to
that analyzed in the PCI Design Hand-
book, Examples 3.2.8, and 3.4.1, except
that the live load is reduced from 35 to
25 psf. Beam C is the beam of Example 1
in this paper. The deflections are calcu-
lated by both the proposed method and
the PCI Design Handbook method.

The results indicate that the total ini-
tial and time-dependent deflections are
sensitive to the magnitude of the pre-
stress force. A slight change in the de-
flection due to prestress results in a
much more pronounced total (net) de-
flection because of the opposite effects
of prestress and gravity loads. The flat
rate of prestress loss (10 percent elastic
loss, and 15 percent time-dependent
loss) results in about 1/4 in. error in the
initial deflection (camber) and a larger
error in the final deflection, in Beam B.
Errors in Beam A deflections are not as
large.

Substitution of four in. strands (A =
0.612 in. ,) with two #8 bars (A = 1.58
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Table 6. Influence of prestress level and reinforcement on deflection.

Input data: Beam A' Beam B Beam C

Prestress force just before
re leaseP, 405.0 289.2 289.2

Reinforcement 14 strands 14 strands 10 strands plus
For other data, see Example 1 2 #8 bars

PCI PCI PCI
Pro- Design Pro- Design Pro- Design

posed Hand- posed Hand- posed Hand-
Results: method book method hook method book

375.3 364.0 274.6 26O.3 269.9 260.3Pre stre ss force just after release, P,.,

Deflection at release due to:
Prestress -4.64 -4.49 -3.39 -3.15 -3.23 -3.15
Self weight 3.00 3.00 3.00 3.00 3.00 3.00

Total deflection at release -1.64 -1.41 -0.39 -0.15 -0.23 -0.15

Time-dependent prestress loss, AP,. -71.7 -54.6 -36.8 -39.0 -53.2 -39.0

Final "ultimate" time-dependent
deflection due to:

Prestress -11.00 -11.00 -8.5.5 -7.72 -7.35 -5.39
Self weight 8.64 8.10 8.64 8.10 8.64 5.52
Superimposed dead load 1.20 1.44 1.20 1.44 1.20 0.96

Total time-dependent deflection -1.16 -1.46 1.29 1.82 2.49 1.13

Geometric properties under
full load:
0.4 l	 INIoment of inertia

Prestress force eccentricity
20985
11.78

20985
11.78

4180
16.06

- 7400
15.15

-

Mid- 	 of inertia 20985 20985 5160 5541 7850 3890114oment

span	 Prestress force eccentricity 13.65 13.65 17.62 13.65 17.01 13.65

Live load curvature x 106:
End section 0 0 0 0 0 0
0,41 section 15.7 15.7 53.8 47.2 40.3 65.3
Midspan section 16.4 16.4 37.9 49.1 34.5 68.0

Live load deflection 1.21 1.21 2.76 3.61 2.73 5.00

*EL,d section eccentricity used ise = 4.29 in., which is consistent with the PCI Design
Handbook Example 3.2.8, but slightly diffe rent from e = 3.79 in. in Example 3.4.1.

Note: Forces are given in kips, and dimensions in inches. 1 kip = 4.45 kN; 1 in. = 25.4 mm.

in. ․) provides additional restraint to con-
crete deformation in the bottom of the
beam. This results in higher initial and
time-dependent prestress losses in
Beam C than in Beam B, and a corre-
spondingly larger downward deflection
(2.49 in. versus 1.29 in.). The PCI Design
Handbook empirical multipliers lead to

reduction of the time-dependent de-
flection from 1.82 to 1.13 in., rather than
an increase from 1.29 to 2.49 in. in the
proposed method.

One may pose the following question:
since Beam C contains more steel than
Beam B, how could Beam C, which is
stiffer, have more loss of prestress and
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long-term deflection than Beam B? The
answer to this question becomes evi-
dent if one remembers that the prestress
loss, APE , is defined in the present work
as the loss of compression force in con-
crete, rather than the loss of tension in
the prestressed steel. The difference
between the two quantities is equal to
the compression force developed in the
nonprestressed steel. The force AP, is
the quantity that must he used in com-
puting the concrete stresses and de-
formation,

Examination of Table 6 shows that
Beam C has a larger prestress loss than
Beam B, due to the restraint caused by
the presence of nonprestressed steel.
This increase in AP, has a significant
influence in reducing the time-depen-
dent prestress camber (-8.55 versus
–7.35 in.). Since the gravity load de-
flections are the same in both beams, the
net result is a significant increase in the
net downward time-dependent deflec-
tion.

The live load deflection of Beam B is
much larger than that of Beam A due to
cracking as a result of reduced prestress.
Cracking drops the moment of inertia to
less than one-quarter of the gross section
1. However, the deflection of Beam B is
less than four times that of Beam A,
partly due to the moderating effect of
the increase in prestress force eccen-
tricity upon cracking. Reasonably close
agreement between the two methods
exists for the uncracked beam, Beam A,
and when a cracked beam does not con-
tain nonprestressed steel, Beam B.
However, a great difference exists for
Beam C, 2.73 versus 5.00 in.

Note that the current PCI Design
Handbook equation for I Cr , [Eq. (1) of
the present paper] does not account for
the area of nonprestressed steel. Con-
sideration of the presence of nonpre-
stressed steel, by using Eq. (2) rather
than Eq. (1), results in a significant in-
crease in I,,. and a drop in Beam C live
load deflection (from 5.00 to 2.46 in.).

It is interesting to note that the live

load deflections, by the proposed
method, of Beams B and C are about
equal although Beam C contains more
steel and would he expected to deflect
less under live load. However, due to
the fact that the prestress loss A P r is
greater, and therefore the effective pre-
stress is smaller, the beam begins to
crack under a lower load than Beam B.
The live load thus causes cracking to
develop in Beam C over a greater por-
tion of the span length than in Beam B.
The increase in the amount of cracking
appears to offset the increase in the
cracked member stiffness resulting from
the presence of nonprestressed steel.

CONCLUSIONS
1. The method proposed here con-

tains simple steps in which the time-de-
pendent effects, the presence of nonpre-
stressed steel, and the effects ofcracking
are rationally accounted for. Design
charts are included which can be used to
determine cracked section moment of
inertia and centreidal depth.

2. The multipliers for time-depen-
dent effects given here can be used for
various environmental conditions, by
selecting representative creep coeffi-
cients and free shrinkage value.

3, It is shown that deflection due to
prestress losses must he correctly con-
sidered in order to obtain reliable de-
flection estimates, especially when the
dead load and the load "balanced" by
prestress are nearly equal.

4. The presence of nonprestressed
mild bar reinforcement causes a signifi-
cant restraint to the surrounding con-
crete and substantially affects the
long-term deflections. This corresponds
to an increase in the loss, OPT, in the
compressive force in concrete. The pro-
posed method for calculating A P, and its
eccentricity, or another method that ra-
tionally accounts for the effects of non-
prestressed steel, should be used in ac-
curate deflection calculations.

5. The geometric properties of
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cracked sections are influenced by the
presence of axial force combined with
bending moment, particularly for
flanged members where the steel area
ratio is relatively low. Also replacement
of high strength tendons with a larger
amount of nonprestressed mild rein-
forcing bars can considerably increase
the cracked section rigidity.

6. The stiffening effects caused by
consideration of uncracked tensioned
concrete in deflection analysis requires
the determination of two quantities, the
effective moment of inertia, and the ef-
fective eccentricity of prestress force,
These two parameters must, by defini-
tion, lie between the uncracked section
properties, and those of prestressed

cracked sections, with concrete in ten-
sion ignored.

7. Test data show a close correlation
between observed deflections and those
calculated by the proposed method.

S. When the proposed method is
compared to the PCI Design Handbook
method, it is seen that there is a close
agreement in the deflection multipliers
for average environmental conditions
and when nonprestressed steel is ab-
sent.
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APPENDIX A - PRESTRESS LOSS CALCULATION

The method presented here is a sim-
plified form of that given in Refs. 5 and
22. The Trost-Bazant aging coefficient x
is utilized in evaluating creep of con-
crete due to variable stress. The method
is equally applicable to pretensioned
and single-stage post-tensioned mem-
bers, except that Step 1, which is given
here for pretensioned members, can he
applied to post-tensioned members only
if(ES) in prestressed steel is taken equal
to zero, yielding ff ,o = fPB,. If multistage
post-tensioning is used, further adjust-
ments would he needed,

In some of the following terms, the
gross concrete section properties are
used as approximations of net, or trans-
formed section properties. This is an ac-
cepted simplification unless an unusu-
ally large amount of steel is used. The
time-dependent losses given are ulti-
mate values. When losses at an interme-

diate time are needed, use adjusted mate-
rial properties € ,,, C, C, and L,..

Step I — Stress Loss at Transfer

ES = n ifer	 (Al)

where n, = E SIE Ct, and fir is concrete
stress at centroid of total steel area due
to initial prestress and member weight.

fcr = (Pc0fA 0) + (F ea e ps e t,11d 
(Mde, 11 Q)	 (A2)

Since Pro is yet to be determined, it is
reasonable for initial calculation ofES to
assume that Pro = 0.9 P. Initial stresses
immediately after transfer are. fpm = fp,i
– (ES), and fgQ = –(ES) in the pre-
stressed and nonprestressed steel, re-
spectively.

Initial force in concrete, can now be
calculated more accurately;

Pao = fpcoA p, + f"A,	 (A3)

Substituting this value of P C , back into
Eq. (A2) results in an improved value of
for , for use in Step 3.
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Step 2 — Stress Loss Due to
Shrinkage

SH = K e15E a	 (A4)

where

K = 1I[1 + (E A Ar,/E c A))
(1 + e2,lr 2) (1 + xC„)l	 (A5)

The symbols Ar, and er g are the total
steel area and its eccentricity, respec-
tively.

Step 3 — Stress Loss Due to Creep

CR = K Jn,C ufcr + n(1 + Cv)fc&l (AG)

where

f = stress at centroid of total steel
area due to superimposed dead
loads not used in computing f,.

n
C u = ultimate creep coefficient for

concrete at loading equal to
time of release of prestressing

C = ultimate creep coefficient for
concrete at application of the
superimposed dead loads

It is here assumed that time of appli-
cation of the superimposed dead loads
coincides with time of attachment of
nonstructural elements. Note that the
instantaneous change in stress due to
application of superimposed loads is in-
cluded in Eq. (A6), while the corre-
sponding change due to initial dead load
is already accounted for in Step 1.

Step 4 — Stress Loss Due to
Relaxation

REL = - i/iKL r	 (A7)

where L r is the intrinsic (constant
length) relaxation loss.

See Ref. 3 for estimates of L r for stress
relieved and for low relaxation steel.
The symbol fr designates a factor that
accounts for the reduction in relaxation
loss resulting from the continual short-
ening of tendon embedded in concrete

due to creep and shrinkage. Values of ii
may be obtained from a chart presented
in Ref. 22 or from the following formula
which is a straight line approximation of
that chart.

tP = 1 - 3[(SH + CR)lf,,]	 (A8)

Step 5— Total Time-Dependent
Loss of Compression Force in
Concrete

A? = -A,, (SH + CR) -A D ^ (REL) (A9)

Note that the negative sign designates
a tensile force increment. For light-
weight concrete, appropriate values of
the material properties, such as E, t, E.

e,h, C,,, and C,, should be used.
For precast concrete members, Eqs.

(A4) — (A7) reduce to Eq. (A10) — (A13)
when the following representative pa-
rameters are adopted:
Relative humidity = 70 percent
Volume to surface ratio, V/S = 1.5
Concrete unit weight = 150 pef
Accelerated curing, release strength

(at concrete age 1 to 3 days)
f = 3,500 psi

E,.= 3600 ksi, f, = 5000 psi
E, = 4300 ksi
C,, = 1.88, C, = 1.50
co,=550x10- 6,x= 0.7
f^olf„u = 0.65 and 0.7 for stress relieved

METRIC (Si) CONVERSION
FACTORS

1ft=0.305m
I in, =25.4mm
1 in. 2 = 645.2 mm'
I in. = 42,077 mm'
1 kip = 4.45 kN
1 plf = 14.56 Nlm
I ksi =6.9MPa
1 psi = 0.0069 MPa
1 in-kips = 0.113 kN-m
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and low relaxation strands,
respectively

Lr _ –18.8 ksi and –4.8 ksi for the two
types of strand

E, = E, = 28,000 ksi, f,,= 270 ksi

CR = K[14.6frr + 16.3fcaa]	 (Al2)

REL = 18.8K – (4.9 + 4.7 fcr
+ 5.2f 4 )K 2	(A13a)

or

SH = 15.4 K	 (A10) REL = 4.8K – (1.17 + 1.1 fcr
+ 1.2f)K 2	(A13b)

where
Eq. (13a) applies to stress relieved

K = 11[1 + 18.0{A,/A,) (1 +e2 Blr2)]	 strands while Eq. (A13h) applies to low
(All)	 relaxation strands.

APPENDIX B - NOTATION

Sign convention — Compressive
stress in concrete and tensile stress in
steel are positive. M is positive when it
produces tension at the bottom fiber of a
member. Positive curvature corresponds
to positive M. Downward deflection is
positive.

Aa = gross area of concrete section
A, = area of prestressed reinforce-

ment
Ag = area of nonprestressed tension

reinforcement
A, = area of total steel = A 8 +Ar,,
b	 = width of compression face of

member
= web width

C = creep coefficient, defined as
creep strain divided by initial
strain due to constant sustained
stress

Cc = creep coefficient for age of load-
ing at release and loading dura-
tion up to time of erection

Cu = ultimate creep coefficient for
concrete at loading equal to
time of release of prestressing

Cu = ultimate creep coefficient for
loading at time of attachment
of nonstructural elements, as-
sumed to occur at time of super-
imposed dead load application

CR = stress loss due to creep of con-
crete

140

d = distance from extreme compres-
sion fiber to centroid of tension
reinforcement

da, = distance from extreme compres-
sion fiber to centroid of pre-
stressing steel

e, = eccentricity of prestress force
from centroid of section at cen-
ter of span

err = eccentricity of prestress force
from centroid oferacked section

e,	 = eccentricity of prestress force
from centroid of section at end
of span

e P, = eccentricity of prestressed steel
measured from centroid of un-
cracked section

e t , = eccentricity of total steel area
measured from centroid of un-
cracked section

E c = modulus of elasticity of con-
crete at service

Eci = modulus of elasticity of con-
crete at time of initial prestress

E, = modulus of elasticity of steel
ES = stress loss due to elastic short-

ening of concrete
f concrete compressive stress at

center of gravity of A A + Ap, due
to all permanent (dead) loads
not used in computing fer

fcr = concrete stress at center of grav-
ity of combined steel immedi-
ately after transfer



= stress in prestressed reinforce-
ment immediately prior to re-
lease

= stress in prestressed reinforce-
ment immediately after release

= modulus of rupture of concrete
= stress in nonprestressed steel

immediately after release
= apparent tensile stress at ex-

treme bottom fiber due to total
load moment and effective pre-
stress using uncracked section
properties

hr = depth of flange
Icr = moment of inertia of cracked

section transformed to concrete
Ie = effective moment of inertia for

computation of curvature at a
section

1. 	 = moment of inertia of gross sec-
tion

K = coefficient defined by Eq. (A5)
= span length

Lr	 = intrinsic relaxation stress loss,
for a condition ofconstant strain

MQ = total moment at section
Mcr = cracking moment
M, = decompression bending mo-

ment
Md = moment due to member weight

dead load
M, = moment due to service live load
MV = moment due to superimposed

dead load
n 	 = modular ratio E,/EC
n, 	 = modular ratio ES/Ed

Pee = effective prestress force in con-
crete

Pro = prestress force in concrete, im-
mediately after release

P t	 = prestress force before release
AP, = time-dependent loss of com-

pressive prestress force in con-
crete, assumed, to be applied at
centroid of combined steel
area

R	 = (M,, – M5)1(M 5 – M Q), see Eqs.
(4) and (5)

r	 = radius of gyration = 	 p
REL = stress loss due to relaxation of

tendons
SH = stress loss due to shrinkage of

concrete
Tier = distance from extreme compres-

sion fibers to centroid of cracked
section

Ye = effective distance from extreme
compression fibers to centroid
of cracked section, for curvature
calculation; see Eq. (7)

y Q = distance from extreme compres-
sion fibers to centroid of un-
cracked section

aQ = ratio of prestress loss in con-
crete at erection to final pre-
stress loss

S	 = midspan deflection or camber
0, = curvature at midspan section
0, = curvature at cracked section
(A, = curvature at end section
x 	 = aging coefficient
e el, = free shrinkage of concrete
p	 = A,,l(bd), to be used in Figs. 1

and 2
ip 	 = relaxation reduction factor, Eq.

(A8)
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NOTE: Discussion of this paper is invited. Please submit
your comments to PCI Headquarters by September 1, 1985.
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